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The object of the Author, in wi'iting this book, is to supply Engineering 
Students preparing for the Honours Stipes of the Science and Art and 
Technological Examinations in Machine Construction and Mechanical 
Engineering with a text-book in which there is not merely a collection 
of formulae whose use is but little explained, but which contains 
examples showing how such formulae may be applied to solve problems 
in machine design. To all those who are content to copy the designs of 
others, or who are possessed of that intuition and experience which 
enable them to dispense with calculation, we do not recommend this 
book ; but there ai*e many others to whom we hope it may be of some 
service. The book is incomplete for several reasons : firstly, because we 
did not wish to introduce into it what had been already completely 
discussed in other text-books on Machine Design ; secondly, because we 
hope to deal with other matter, such as the design of complete 
machines, in another volume ; and thirdly, since we need time for the 
completion of calculations on other subjects. We are indebted to the 
writings of Professor Dwelshauvers-D^ry for much in the chapter on 
" Governors," and to Mr. Young for most of the chapter on " Springs." 
In the report of the Examiners of the Science and Ai*t Department 
in Machine Construction, for the year 1892, some complimentary 
remarks were made as to the instruction given by the Author to his 
Honoura Stage Class. We mention this, as it is an additional i*eason 
why this book should be published. 

C. H. I. 
Rutherford College, 

Newcastle-on-Tyne. 
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PROBLEMS IN MACHINE DESIGN. 



CHAPTER L 

Geaphic and other Methods of Finding Longitudinal 
Stresses in Framework Structures. 

If three forces, fig. 1, act at a point O, and are in 
equilibriam, they can be represented in magnitude and 
direction bv the sides of a triangle 6 c a, taken in order. It 
is f reqaently convenient to use the method of areas shown 
here, the force lying between the areas B and C being called 
the force b c, and so on. Also if any number of forces, 
fig. 3, act at a point, and are in equilibriam, they can be 
represented by a polygon, whose sides are parallel and 
proportional to these forces, the line a b representing the 
force between the areas A and B. If, then, at any pomttof 




Fiai. 




Fiaa 



na.i 



«a,«. 



a framework structure, such as a crane, we know the magni- 
tudes of all the longitudinal stresses— t. 6., the stresses along 
the members, except two, and if we know the directions of 
all of them, we can find the two unknown forces by com- 
pleting the polygon. Thup, if AB, BC, CD, fig. 3, are 
Known, we can draw the three sides of the polygon 
corresponding to these, fig. 4, and by making de^ea, fig. 4, 
parallel to D E, E A, fig. 3, whose directions are known, we 
can find the magnitudes of the two unknown force& 

Fig. 5 shows a wall crane, capable of carrying a load of 
1^ ton, at 110 in. from A. We shall appl^ the above to find 
the stresses in the various members. E is the intersection 

IM 



LONGITUDINAL STRESSES 



of C D and A B produced, and as we are not considericg 
bending stresses in A B, the load W may be divided into 

two parts, y^]r\^ at A, and ^'V^ at E. 

AE=i500in.. 



and 

So that we have at E — 



11 
A B = H^ in. 



11 



^' - ii-S ^ '^ *«"• 

= 1-21 ton» 







Fig. 5. 



Upon the triangle C E A, the forces Y, X, Xj, and W act— 

Y = W, 

X = X„ 
and the couple W. A B = X x 43 in. 



X =-^ 



1-5 X 110 



43 



=: 3*83 tons. 



In fig. 6 the triangle C A E is again drawn, and forces, as 
shown, placed at the angles. G is the central area, and it 
will be noticed that it is necessary to pass the line of action 
of a force, or to pass over a side of the triangle, to proceed 
from one area to another. Now, to draw the diagram of 
stresses, we take h m equal to Fi, and draw mg^gh parallel 
to A E, E C, which must now be spoken of as the members 
M G, G H. It is clear that the stress in M G is compressive, 
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because it exerts a force to the right, at E ; we therefore 
put arrows, as shown, upon M G. The stress in G H is 
tensile, and this is shown also by arrows, pointing inwards, 
these representing the directions of the forces exerted by 
the bar upon the end joints. It will be noticed that we 
have travelled round the point E in the same direction as 
that of the hands of a watch, when drawing the triangle 
hmg. Having chosen the direction, we most adhere to it 
for all the points of the structure. We next draw the 
triangle hgk^ to represent the forces at C, showing that 
the force exerted by G K acts upwards at C. The arrows 
marked on GK show^ that it is in compression. Lastly, for 
A, the rectangle kg ml represents the four forces at that 
point. It must be noted that h k and k I are not equal to X, 
nor hzlm equal to Y. 

The above reasoning may not be very simple, but it can 
now be seen how easy it is to apply this " Method of Areas " 
to determine the stresses. We draw Am parallel and equal 




to Fi, and m g. h g parallel to M G and H G, then g k and h k 
parallel to GK and HK, and lastly ki and ml parallel to 
KL and ML, so that our object is attained without any 
mental exertion whatever. 

Fig. 8 is the side elevation of a sheer legs. AC, AC^ 
each = 110 ft., AB =* 151^ ft. ; the perpendicular from B on 
C C^ is 72J ft, and C C^ is 42 ft. * The load carried is 80 toQS, 
and the weight of each front leg is 9 tons, while that of the 
back leg is 15^ tons. There is a screw which, passing 
through a nut at B, moves it in and out, the axis of the 
screw being the perpendicular from B on C^. As we are 
not dealing with bending stresses, we may suppose these 
weights transferred to A, B, and C OS so that at A we have 
96| tons, at B 7} tons, and at CC^ 9 tons. Fig. 8 is then 
divided up into areas, as shown, and fd is drawn vertically 
do tnrn wards to represent 96} tons, and de^ fe are parallel 
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to D E and F E. It is clear, then, that the former stress is 
compressive, and the latter tensile. The two remaining 
lines tgy gf are next drawn. Then ge Sa the pull on the 
screw ; gU less 7} tonp, is the actual downward component 
of the force at B ; and g d^ plus 9 tons, the vertical com- 
ponent of the resnltant ot the two forces acting on the front 
legs at C C^. To find the actual stresses on the front legs, 
we draw fig. 10. To represent the actual sizes of A C, AC^, 
divide it into the areas H, K, L, M, and make I k, hg, 11, 
equal to d e, fig. 9 ; then kh^hl are the stresses in A C^, A C, 
and h m, drawn horizontally, gives n»lm^m k, each of which 
must be increased by 4^ tons to p;ive the actual value of the 
vertical forces at C and C^. This construction will give — 



de =' 171 tons, fe 
ge ^ 70 tons, fg 
gd = 155| tons, h I 
km = 17 tons. 



92 tons, 
59 tons, 
87 '5 tons, 





In the above we have neglected the tension of the chain, 
which verj nearly coincides with AB. The mechanical 
advantage is 6 tons, and therefore the tension of the chain 
is 13§ tons, which reduces the tension in the back leg to 
78^ tons, and the horizontal pull on the screw at B is — 



^r/ g X ^ = 59-6 tonst 



92 

Fig. 12 shows the outline of a platform crane, and fig. 13 
the corresponding stress diagram. Each line in fig. 13 is 

Parallel to the corresponding member or force in fi^. 12. 
hus eb IB parallel to the member between the areas E and 
B. Fig. 13 is drawn thus : Make e d equal to W, and draw 
d a^ e a, ahj eb, b c, e c, c g^ dg^ and ef ; by proceeding in this 
order the figure is readily drawn. To find whether any 
stress is tensile or compressive, we proceed as follows : In 
drawing the triangles or polygons for any point, we have 
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decided to proceed round it in the same direction as that 
of the hands of a watch. Thns at the point X, fig. 12, 




the polygon is badge, so that 6 a acts downwards at X, 
ad, dg to the left, g c upwards, and c 6 to the right ; there- 
fore the arrows must be placed as shown in fig. 12. 







Fiai6 



Fiff. 14 shows the outline of a well-known type of crane 
much used in forges and foundries. The weight of the jib 
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B D is 1^ ton, of the strut A C 1 toD, and of G H 2 tons. 
The pulleys EF are carried by the traveller or monkey, 
and can be moved along B D. We see at once that 

Y = 16J tOTlF. 

12x24 + UxJ4 4-8^^^.3^^^^^ 



X = Xi 



28 



assuming that the centres of gravity of B D and A C are at 
their middle points. To find the longitudinal stresses, W 
may be replaced by upward and downward forces Fi, Fo 
at B and A. 

Fx = ^'^* = 6ton8; 
lu 



F. = 



W X 24 
16 



— 18 tons. 



B 



-V — 




The load of the jib may be replaced by two downward 
forces Fs, F4 at A and B. 

F3 = 1^ X i^ = 1-3125 ton ; 

F4 = U X — = •J875toD. 
* ^ 1(5 

The load of the strut AC adds a ^ ton to C and A. 

Thus we have at A, fia:. 15, a force ml ot 19*8125 tons ; at 
B the force 9t m is 5*8125 tons. Fig. 16 shows the stresses, 
and since those in A B, B C are tensile, they will be each 
reduced by 6 tons, the compressive force exerted by each 



th< 



part of the chain ESK. That in BC must again be 
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increased by the weight of the part G C above C, which is 
nearly 2 tons. 

It f reanently happens that the above method of areas is 
not the snortest way of solving these problems. Fig. 17 is an 
outline sketch of a hydraulic ingot stripping crane, capable 
of lifting a load of 6 tons ; B represents a roller bearing 
fixed to the roof, and A is the part of the hydraulic cylinder 
bored to fit the ram that raises the crane. We shall find 
the longitudinal stresses in C H, C G, C F, E G, G F, 
neglecting all weights except the 6 tons at 21ft. and the 
counter-weight of 1^ ton, at 5 ft. from C G. 

DG= 21Jx ^4?^= 27 3ft. 
* 5-25 



p R 




Fiaa^ 



The 6 tons may be divided into two parts at D and G, 
the former being — 

Fi =6 X .^^= 46-1 tons. 
^ 27 3 

Then, by the triangle of forces, if F2, F3 are the stresses 
in CH and EG, 

Fi ^ Fo ^ F« . 

CG CD DG' 
. .. F2 = '^^\!^^^^ = 19'2 tonP, 

F, - 4;6Lx^ ^ 18-6 tons. 
^ 6 75 
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Similarly, if F4 and Fe are the Btresses in C F and F G, 
then the forces at F are proportional to the sides of the 
triangle C G F, so that 

p l:5xCF^r5x84_^.gg5 
* GF 6 75 ^^ ^"^ 

F. = 1*^^^-111 ton. 
675 

The vertical components of the stresses in C D and C F 
are clearly equal to 6 tons and 1^ ton ; therefore the stress 
in C G is 7^ tons. 

Fig. 18 represents the outline of the moving parts of 
Fleming and Ferguson's quadruple-expansion engine ; the 
high-pressure and first intermediate pistons being connected 
to one crank, as shown, and the second intermediate and 
low-pressure pistons to another, which is opposite to the 
first ; H G is one part of the air-pump lever. To avoid a 
confused stress diagram, it is best to proceed as follows : — 

?! is assumed equal to Fo ; of course, in practice their 
values would be known. ^ The turning force F^ may be 
supposed to act perpendicular to £F, and so as to cause 
equilibrium. We commence with the point A ; draw K L 
equal to Pi, and L M, KM, fig. 19, perpendicular to K L 
and parallel to A C respectively, so that L M represents the 
pressure on the slipper, and M K the compressive force on 
AC. The triangle KMN represents the stresses in OH 
and C £ respectively, of which the former is tensile and the 
latter compressive. At the points H and £ there are three 
unknown forces ; we cannot, therefore, proceed in either 
direction, but must take the point D, at which P Q, fig. 20, 
is drawn equal to P2, and E. P» Q R are the pressures on the 
slipper and the compressive force in B D. Q S and S R are 
parallels to £ D, and D H are the stresses in these members, 
the former being compressive and the^ latter tensile. At the 
point H there are two opposed tensile stresses, R S to the 
right, N M to the left. Make R T = N M, and draw T U, U S 
parallels to H £ and H G ; the stresses in H £ and G H are 
both compressive. Lastly, V W X Y Z represents the 
polygon of forces at the point £. V W, W X, A Y are first 
drawn to represent the now known stresses in C£, H£, 
andD£, and YZ and ZW, parallel and perpendicular to 
£F, represent the compressive stress in £F, and the 
turning force on the crank pin. 

Fig. 22 represents a crane in which AB, the jib, is 15 ft. 
long, and the two stays BC and BC^ are each 23 ft. long. 
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whUe C CMs 6 ft, and A C, A C^ are each 10 ft. The weight 
lifted is 2 tons, the chain being approximately in a line 
which bisects the angle CBC^. We intend to find the 
stresses in the jib and in the four parts of the two stays, 
viz., B D, B DS D C, D^ C\ A counterbalance weight W^ 
is supposed to act between C C^, so that the load of 2 tons 
is properly balanced. By constructing the isosceles triangles 
B C CS A C C^ it will be found that the elevation 6 c of B C 
is 22 '8 ft., and a c, that of A C, is 9*54 ft. The triangle abc 
should next be drawn, fig. 22a, and a perpendicular a d 
drawn to a c. 

Then the triangle bdaia the triangle of the three forces 
at the point 6. Let Fi be the resultant of the chain tension 




na22. 



FI0.22a. 



and the stresses|in the two ties B D, B D^, and let Fg be the 
stress on the jib. Then, since W = 2 tons, 

_?_ = Fi ^ Fg 
ad b d ab 

Fi = -^- X 12 04 = 4 86 tons tensile, 
4 95 

o 
F2 = . ;;^ X 15 = 606 compressiva 

Since the tension of the chain is 2 tons, the resultant tension 
of the tie rods is 

Fa = F, - 2 

-= 2-86. 

The tension of BD, B D^ may now be found in a manner 
similar to that in which we found the stress on each of the 



10 
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front legs of the sheer legs, iigs. 10 and 11. A little thought 
will also show that if F4 is the stress in B D, 



F^ = 



2F4_F3 




bC be 


l^ ool^ - 1-44 ton. 


2 X 22 8 


/^ 


/ \ 


/ ^ '' 






/ ^ '^^'^C 




/ <>^^y^\ 


^L^^P^^-/L. _ ^y 


M 




The connterbalance is found by taking moments about the 
post. 

W X 11-23 = W^ X 9; 

. •. W^ = 2-495 tons. 

Let Fs be the resultant on the back stays ; then d acv& the 
triangle of forces for the point c. 



F. = 



da dc 
2-495 X 1072 



4-95 



= 5*4 tons. 
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Let Fo be the atreaa in each stay ; then 

2F, F, 

aC^ he 

Fe being obtained from Fi in the tame w«j as F4 from F^. 

.-. F, -^^ X ^^2726 tons. 

The above method ia rvty simple to anyone vho can use 
a slide role, becanse arithmetic is alwaya preferable aoder 
these circnmitance to graphic methods. Failing this, how- 




Again, take 




Uin 


sr-F.. 



Fig. 23 represents the notlin'^ of a hand crane much used 
for bailding porpoaPH- E A, AD', AD areeqnal, and DAD' 
is a right angle. EC, AC are tie rod and jib, which, to 
make the problem more interesting, are swung ronnd ao 
that their plane ia perpendicular to ita central position 
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when it bisects the angle between the planes D E A and 
D^ EA. The chain is shown by the chain dotted line. 
There are three forces at E : the pull of the jib and chain 
along E C, the pull of the post E A and chain downwards, 
and the resultant of the stresses in D E and E D^, which is 
horizontal and in the plane A EC. This last must be 
horizontal, because the intersection of the planes DED^ 
and CEA is a horizontal line, and three force?, if in 
equilibrium, must lie in one plana 

Then, if F^ is the stress 6l tie EC and chain, and F2 the 
stress of the jib AC, 

EA EC CA 

and as the stress on the chain is W, that on the tie rod is 
F - W. Fi and F2 may also be found graphically by 
taking G H parallel to E C and C H equal to W. 

Next, if GK, HK be drawn vertical and horizontal, 
then G H K is the triangle of forces for the point E. The 
stress in the post is G K - W, and K H is the resultant force 
of the back stays. Now, since EA, AD, AD^ are equal, 
and D^ AD, E AD^, E AD are all right angles, the triangle 
EDD^ is equilaterial, and as DD^ is parallel to F, the 
triangle EDD^ has its three sides parallel to the three 
forces at E, viz., the stresses in D E, D E^, and the force F^, 
which is equal and opposite to their resultant F, and which 
is exerted upon the back stajs by the joint at E ; therefore 
D^ ED is the triangle of forces for the point E, showing 
that the stress in ED is compressive, that in D^ E is 
tensile, and both are equal to F — i 6. , to H K. Even if the 
triangle EDD^ were not isosceleo, still the three stresses 
would be represented by D^ D. D^ E, and E D, and a triangle 
KHL, drawn similar to D^ DE, would give the required 
stresses. 

An excellent illustration of a case in which we can apply 
the method of areas to simplify our work is shown in fig. 24. 
As there are three external forcep, they must meet in a 
point, as shown. The areas may next be lettered, and the 
diagram of stresses drawn, fig. 25, commencing with the 
triaugle rsq, where rq = the load. The reader will now 
have no diificulty in following out the rest of the diagram, 
if he will find the points a, 6, c, &c., by drawing g a, ra to 
meet in a ; ah^qbto meet in 6, and so on. 

In fig. 26 is shown a centre line sketch of a swivelling 
crane designed to lift a load not exceeding 15 cwt. Supposing 
the stresses to be the same as if there were free joints at 
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A, B, C, D, by the aid of a diagram estimate the stress 
on B D and on each of the two rods which join B to C. 
Determine also the greatest straining: actions on AC. In 
fifi:. 26 let the area between the weight's line of action and 
CD Ahedjto the right of the weight and above C B let the 




Fig. 2G. 



area be 0, from B to A the area is c, and let the triangles 
B D C, B D A. enclosed by straight lines joining CD, DA, 
be a and b. The straight lines C D, D A show the directions 
of the forces at C and A, so that bending and compression 
act in C D, D A. Let F be the force at C along C D, and let 
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r be its perpendicular distance from the- centre of C D ; let 
Ax be tne section of C D, and Zc its modalus to resist com- 
pression. The stress in C D is 

P Pr 

for the explanation of which see Chapter XL 

Fig. 27 shows the stress diagram ; 6 a is the snm of the 
tensions in the two rods B C, and the pull of the chain \ W ; 
6 c is the compression in B E, less the tension of the chain 
whose pull adds to the compression. 




Pio. 27. 

Suppose a wheel to be so constructed that the periphery 
consists of twelve equal pieces, capable of withstanding 
compression, and jointed together at points which are 
attached to the central hub by twelve slender rods of equal 
length, capable of withstanding tension only. Suppose that 
the wheel is mounted on a central horizontal shafc, which is 
supported in bearings, and loaded with a weight W at each 
of the twelve joints, and the wheel to be in such a position 
that two of the radial rods are vertical, the upper one being 
free from stress. Draw the stress diagram, showing the 
stress on each member of the structure, and explain why 
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the tension of the lower vertical radial rod will always be 
equal to 4 W, however many divisions there are in the wheel 
periphery, there being a weight W at each point. 

In fig. 28 the stress diagram may be drawn by commencing 
with the triangle of forces at A, and taking B, C, D, &o.y in 
order, remembering the load W at each joint This the 
reader will have no difficulty in doing if he has read the 
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previous examples, but to prove that the force in OG is 
4 W, whatever the number of sides, is somewhat harder, and 
may be best shown by trigonometry. 
Let 2 n be the number of sides of the structure, then the 

angle A O B =— , so that the stress in A B is — 

n 



t, = 



IV 



2 sin 



TT 



2/1 



<2 = ^1 + 



where ^^ is the stress in B C. 



w Bin 
n 



coa 



TT 

2n 
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. 27r 

w Sin 

<3 = <2 + 

IT 

COS 

2 n 
where ^3 is the stress in C D, and so on. 

• ^ - 1* 

w sin '^^ 



TT 

COS - - 

2 w 



Let K be the pull in O G. 



R = 10 + 2 tn Bin Z- • 

2 n 

... R = 2m; + 2 — ^ w; 2 sin ^' ^ 

COS ^ 

2 w 

where -^ a;^ ^ '^ 

^ sin 

n 

implies the summation of a series of sines in which Ic varies 
between 1 and (» - 1). Hence 

11 = 2 tf^ + 2 if = 4 w. 



CHAPTER II. 

Bending Moments. 

It will be as well to mention several important rales in 
mechanics before commencing this subject. They are as 
follow : — 

(1) The algebraic sum of the moments of any number of 
forces about a point is equal to the moment of their 
resultant. 

(2) The moment of a couple is the same about any point 
in its plane. 

(3) If any system of forces in a plane acting on a rigid 
body be in equilibrium, the sum of their moments about any 
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point is zero ; and if each force be resolved into two com- 
ponents parallel to two fixed lines at right angles to one 
another, the algebraic sum of the components parallel to 
each line will be zero. 

Beams Resting on Two Supports^ and Loaded in any Manner 
Whatever, — Let A B, fig. 29, represent a beam H K, loaded 
with two aniformly distributed loads, Wi, Ws of 2 and 6 
tons, and let W2, W3, and W4 be concentrated loads of 1, 




Fi 

r 3 - -^K— 4 »H- 



— 6 — iT*- — a — -*U- 2 



f 






Wj 20' ^ ^ — :° 

Fig. 29. 

4, and 5 tons. If we wish to find the bending moments at 
any point of this beam, it will be necessary to first find F^ 
and F2, the reactions at A and B. We treat A B as a lever, 
whose fulcrum is at B — or, in other words, take moments 
about B. Then, 

Fi xAB=Wi X MB + Wgx EB + W3 x GB + W4 x HB 

- W5 X LB, 

where L and M are the middle points of B E and C D ; and 
taking the dimensions on fig. 29, 

p = 2x15 + 8 + 4x2 + 5x22-6x1-5 
^ 20 

= 7*35 tons. 

F2 can be found by taking moments about A, or, better, 
as follows — 

F2 = Wi + W2 + W3 + W4 + W5 - Fi 
= 18 - 7-35 = 10-65. 

We can now find the bending moment at any point of 
the beam. Let us first take C. Fig. 30 shows the portion 
of the beam HC, which is kept in equilibrium by W4 at 
H, F] at A, a vertical shearing stress F3 exerted by the 
right-hand part of the beam beyond C upon the left, and 
a couple N (which we shall call positive if it would cause 
rotation in the opposite direction to the hands of a clock, 

2m 
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and negative if in the same direction). Making use of 
rule (3) above, we obtain— 

Ni = Fi.AC - W4.HC 
= 7-35 X 3 - 6 X 6 
== - 2*95 foot-tons, 

showing that its direction is negative and in the opposite 
direction to that indicated by the arrows P, Pj, in fig. 30. 

The bending moment at any point between C D is 
obtained as follows : Let the point Q, fig. 31, be 2^ ft. to the 
right of C. The portion H Q is kept in equilibrium by W4, 
Fi, five-eighths of Wj, r4, the shearing stress at Q, and the 
couple N2 at Q. Taking moments about Q, 



Ng^Fi X AQ - W4 X HQ-f Wi X 



CQ 
2 



The last term in the above is obtained thus : By rule (1) 
the sum of the moments of the loads distributed on C Q « 



W4 



P 



H 



Wa 



♦ F| 



Ni 



H 



-^P. 



A 



Y^» 




Fig. 30. 



Fig. 31. 



the moment of their resultant K, fig. 31, which acts at a 

distance i C Q from Q, and the load on C Q is § Wj. There- 

CO 
fore its moment about Q is § Wi x — -^ 

.-. N2 = 7-35 X 5J - 5 x 7i - § X 2i 
= 1-34 foot-ton. 

Lastly, let us take a point S midway between W2 and W3. 
The moment obtained will be exactly the same whether we 
consider the right or left portion of the beam ; the portion 
S K is chosen because there are fewer forces upon it, and 
therefore less calculation is needed. Taking moments about 
S, the couple 

N3=W3xSG + W5xSL-F2xBS 

= 2*25 foot-tons, 

which is negative, because it would cause rotation in the 
direction of motion of the hands of a watch. 
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These three examples will show how to find the bending 
moment at any point of a beam having two supports, 
however it may be loaded. 

It is sometimes necessary also to find the shearing stress 
at a point In fig. 30, since the algebraic sum of the vertical 
forces must be zero, 

F3 = Fi - W4 « 7 35 - 5 = 2 35 tons. 
In fig. 31, 

F4 = Fi - W4 - R = 7-35 - 5*- 1-25 

= 1*1 ton. 
In fig. 32, 

F, = F2 - W3 - W5 = 10-65 - 4 - 6 =i 65. 

Beams Fixed at Both Ends, — In this case there are couples 
at A, B, fig. 33, which compel the ends to take some direction, 
but unfortunately in practice, although we can frequently 
find cases in which the beam is fixed at both ends, we cannot 
tell what angle the ends A, B make with the horizontal. An 



s 



W3 




^ m 



B 




Fio. 32. Fig. 33. 

exceedingly small alteration makes a considerable difference 
in the bending moment at different sections. Even when 
free the angle is very small. When the section of the beam 
is uniform, and the ends are horizontal, and there is a load 

W at the centre, the bending moment is ^ at both centre 

o 

and ends, and there is no bending midway between the centre 
and ends. If the load is uniformly distributed over the 

beam, the moment at the ends is --^r and at the centre -— - 

12 24 

the point of no bending is — - Jrom the centre. 

A beam or girder must be made sufficiently strono^ to 
resist the shearing and bending at every section. Every 
section has what are called moduli with respect to tension 
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and compression, which are usually represented by the 
symbols Ze and Z<^> so that if ft and fc are the greatest tensile 
and compressive ^tresses produced by the moment M at any 
section, then 

We shall now explain how these moduli are obtained. 
Fig. 34 shows a rectangle whose breadth is h and thickness 
t, which latter is indefinitely small compared with y, its 
mean distance from a straight line B C, parallel to its length. 
The moment of inertia of this area about B C is 

where A is the area of the rectaogle. If an area S, fig. 35, 
be divided into a number of indefinitely thin rectangles. 





C 3lr_B B ^C 

Fio. 34. Fig. S5. Fio 3G. 

such as the above, whose distances from B C, breadths, and 
thicknesses are y^ bj ti, ^g ^2 ^2* &c., then the moment of 
inertia of S about B C is 

= S Ay2 

i.e., equals the sum of the moments of inertia of all the 
rectangles. 

The moment of inertia of the rectangle in fig. 36 is found 
by the aid of the integral calculus to be 

~3 • 

Assuming this, the moments of other sections can be readily 
calculated. The moment of the rectangle in fig. 37 is 

B (H ^ - h ^) 

3 ' ' 

because it is the difference of the moments of two rectangles. 
In fig. 38 the moment of each section is 

BJP - b h^ 

3 
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because in (1) there are two rectangles, each of height h and 
breadth -, subtracted from the complete rectangle B H, and 

in (2) there is one rectangle 6 A to subtract 

Now, let a number of forces act on an area such that the 
forces below x z are acting towards us, and those above in 
the reverse direction, all being perpendicular to the plane 
of the paper. Then the moments of the forces about x z may 
all be added to one another ; and if the sum of the forces 
above xz \b equal to the sum of those below, we get a 
couple. 

Next let us suppose that the forces are proportional to the 
product of the areas on which they act and their distances 




B 
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I 
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Fig. 37. 



Fig. 38. 



from X z. Then, taking a very thin rectangle 6 ty whose 
mean distance from xzis y, the total force on it is 

kybt, 
whnre k is some constant. 
Hence the sum of the forces on the upper part 

the summation referring to the area above x z ; and if we 
want a couple, the sum of the forces on the lower part must 
also 

=^ ^kybL 

But :Lybt is the moment of the area above x z about 
that line, treating it as if it were a uniform plate having 
weight ; and since the moments of the upper and lower 
parts are equal, the area would balance about a horizontal 
axis X z — in other words, the centre of area lies in x z. 

When a couple acts on a section of a beam or girder it 
must be balanced by a couple produced by the stresses of 
the section ; hence, assuming at present that the stresses 
vary as their distances from the line of no stress x z, it is 
clear that x z must pass through the centre of area of the 
section, and it is obviously perpendicular to the plane of the 
couple acting on the section. If we imagine a very long 
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beam of uniform section bent to form a circle, it is subject 
to bending only, and there is no shearing stress. Let r, fig. 
40, be the radius at which there is no stress, the natural 
length of the beam being 2 ir r ; let rg be any other radius 
less than r, then the compression is 

27rr - Sirrg =^ 2iry (fig. 41), 

and as stress is proportional to strain, the compressive stress 
per square inch at that radius is proportional to y, the 
distance from xz. If we suppose this stress to act on a 
very thin rectangle ahcd^ wnose area is A, the moment of 
this force about xz\a 

At a radius r^ greater than r, the stress is tensile, the 
increase of length being 

2ir(r^ - r) = 2'n-yj^ 

and the moment of the force on a very thin rectangle whose 
area is A, is 

kAy^^- 

Hence the sum of the moments of the forces on the section is 

^kAy" = kI 

I being the moment of inertia of the whole section about x z. 

het/tfc be the greatest tensile and compressive stresses at 
radii 7*2 r^ and let 

7*2 - r = ht 

r - r^—hc 

then ht lie are the points on the section furthest from x z, 
and 

ft = k hi ; fc = k he 

.-. k =-^-^A 
ht he 

. *. the moment of resistance of the section to bending is 

kI=-(LJ:^/tZt 
fit 

flc 

CalctUation of the Moduli of Unsymmetrical Sections.-^It is 
first necessary to find the centre of area ; in fig. 42 we have 
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a doable T section with the upper or compression flange 
smaller than the tension flange, as is usual in cast-iron 
girders. _ 

Let G be the centre of area, and x its height above A B. 

Then, taking moments about A B, and treating the three 
rectangles formed by flanges and web as if they had weight 
proportional to their area— 

x~(9 + 10 + 3)=:9xJ + 10x6 + 3x 11^. 



Fig. :{9. 
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Fig. 40. 



Fio. 41. 



Fig. 42. 



In fig. 35 (1) we found that the moment of inertias of the 
Twas 

BH^ - hh^ 
3 ' 

so that in this case the moments of the upper and lower 

are 

3 X (7i)3 - 2 X my 

3 

9 X (4i)3 - 8 x_(3i)3 
3 



and 



. •. I = 396, 
which is the sum of the above. 
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I 
ht 


_396_ 
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Zc 


I 

he 


_396_ 
* 7 6 


52 7. 



This method is far superior to the graphic method of 
finding the modulus, and is especially easy if a slide rule is 
used.| 

A second example is shown in fig. 43, where there are two 
plates connected by a channel iron. Strictly speaking, we 
should take into account the rivet holes, but have neglected 
these for simplicity. The comers and ends of the channel 
iron are also rounded in actual practice. 

Taking moments about A B to find the centre of area, 

23^ =14x7 + 4xl2 + 5x 13|. 
i = 9*33. 
I = J [(9 33)3 + 12 X (4-67)3 - (67)3 - 10 x (417)3]. 
= 438*4. 

7 438 4 ..y 
^^==933=^^- 

Z. = ^4= 94. 

4-67 

To Design a Section to Resist a Given Bending Moment — 
If the beam is of cast iron, the compression flange is less 
than the tension flange, because the resistance of cast iron is 
greater to the former kind of stress than to the latter ; the 
greatest stresses allowed are 2 tons in tension and 4 to 6 
tons in compression, although the resistance of cast iron to 
pressure is about six times its resistance to tension. If the 
flanges were made to suit this ratio, casting would be 
difficult. The web should not have a thickness much less 
than that of the flanges, for the same reason. 

Let xzhe the centre of area of the section, and At, Ac, A 
the areas of the lower and upper flanges and of the web. 
To simplify the calculation, small areas are omitted, as 
shown in ^f^, 44, and we assume that the stresses upon the 
flanges &reft/c. Then, since we know the bending moment 
M that the section must resist, we have — 

M=/'cZc=/tZt 
.1 .1 
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. fc _ ft 
Ac At 

1 ._ A^ 

ric — -z ^- 

A + A 

tc + ft 

Thus we have the position of the centre of the area of the 
section, and therefore, if we take moments of areas aboat 
A B (fig. 44), 

a| +Kch = {Kt + kc + A)ht. 



fc -fi 
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Fig. 44. 



Fig. 43. 



where < ia the thickness of the web. 

I = AtAt ^ Kchc^ + A*^ + hc^hch 

= ht' ( Ac^ + A^^) + Ache"- + A ^'" +'"''- ^'''' 
\ at 2 tit / 3 

= AcAAo- A*i-'AAc(^+^) 

Z. = I = A Ac + ^(l - 1^ ) + 2AA£ 
fic b \ he / o 

-a{a. + |(2-;|)} (2) 
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Also Z^ = a{a*+A(2-^)} (3) 

We obtain the section reqnired in the following way . 
Tai, ft, fe are known, and h is assumed as 1-lOth to l-15th of 
the span. A is also assumed from practical considerations. 
Then equation (2) or (3) gives us Ac, Ae, and equation (1) 
the remaining area. 



CHAPTER III. 

NuMEEiCAL Examples. 

STRESS IN ENGINE GUIDE BAR. 

Example L — What is the greatest stress in the guide bar. 
of an engine? The stroke is 2ft., and the length of the 
connecting rod 5*5 ft. The bar is 7 in. broad by 3 in. deep, 
and the greatest thrust on it may be assumed as taking place 
at the middle of its span of 3 ft., and when the crank is at 
right angles to the line of stroke. The pressure on the 
piston is 9*5 tons. 

In fig. 45 the connecting rod is Q C, and the crank S C ; 
F is the thrust of the slide bar on the crosshead. Then 

= 75-5- - 1 
= 5-41. 

J" =_? 
CS QS 

F = ^ - 1*75 ton. 
5*41 

If 6, h are breadth and depth of a rectangular section — 

6 

= ;f^. where / = span. 
6 X 1*75 X 36 



4x7x9 
= 15 ton. 
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The above example is taken from practice. The load of 
9^ tons is the pressure upon the H.P. piston of a triple- 
expansion engine when starting, the guide bar being of 
mild steel. In these pages we shall, wherever possible, 
give practical examples. We mention thip, as it will probably 
make them more interesting to the reader. 

STRESS IN BOILER GIRDER STAY. 

Example IL — What is the stress in the girder stay of the 
combustion chamber of a marine boiler, fig. 46 % The width 
of the combustion chamber is 28 in., and the stays are 8|in. 
apart from centre to centre, and the pressure per square 
inch is 1501b. 

The three bolts support three-quarters of the pressure on 
the top of the combustion chamber, the front and back plates 



Fig. 45. 



Fig. 47. 
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Fio. 46. 



Fjg. 48. 



taking the remainder. The problem is therefore reduced to 
that of a beam, fig. 47, whose span AB is 28 in., and which 
carries three equal loads w at C, D, E, and 



w; = 15? X 29 X 8i lb. 



The reaction F =4 w;- 

2 

The moment at D is 

M^F.BD - w;.DE 
3 
= - - 1^ X 14 - i«> X 7. = 14 ««;. 

= 125600 inch-pounds ; 
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o«^ . M 6M 

^6 X 125600 

li X (54 
= 7850 lb. 

STRESS IN BOILER STAY BY LLOYD'S RULE. 

Example III, — What stress is allowed by Lloyd's in 
girders such as the above ? Lloyd's rule being as follows : — 

-= -— f^ — - = working pressure = p, 

(L-l')DxL 

L = length of girder in inches. 
P ^ pitch of stay in inches. 
D » distance apart of girders in inches. 
d == depth of girder at centre in inches. 
T = thickness of girder at centre in inches. 
C ^ 6,000, if there is one stay to each girder. 
C = 9,000, if there are two or three stays. 
C = 10,200, if there are four stays. 

We shall assume that 

L=(7H-1)P 

where L = the number of bolts, and that the width of the 
combustion chamber is also L. Then the stays will support 
between them a load 

ww; = (L-P)Dp = w.P.D.jt). 

First, take the case of two stay bolts ; then at any point 
between these the bending moment is constant ; the 
reactions at the points of support are each 

T^ nw nV .T> .p. 

^^^° 2 

in this case = P . D . p 

. '. the bending moment = ^ D P^ 
o«^ /• M 6y?DP2 

but 0-^-^^"^^ 

_6P2D;o . T _op 

/.C = /= 90001b. 
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If there are three bolts, we shall find that the greatest 
bendiDg moment, which is at the centre, is 

jyi ^- 2 ' 2 ^^^3^ 4' 

6 ' 

. .^ M 12jpP2D 

but C = 1A^-?'P 

.-. C =/•= 90001b. 

If there is one bolt— 

^_ ;>(L-P)D.L 

4 
. .^ 3 jp (L - P) D L 

••^ 26Z-^T 

.-. C = §/' .-./•= 9000. 
Lastly, if there are four bolts — 

M = ^/.(L-P)D.L 

"' Z 10 c?2T 

.•.0 = ™.. 

/ = 91801b. 

If the girders are of steel, the above values of C may be 
increased 10 per cent. 

The Board of Trade rules give exactly the same results. 
The formula in this case is 



(W-P)DL 



the values of C being 500, 750, and 850, because L is in feet. 
W is the width of the combustion chamber in inches, and 
the other three quantities are unaltered. 
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MAXIMUM STRESS IN TRAVELLING CRANE GIRDER. 

Example IV. — In a travelling crane of I feet span, the 
load is supported on a carriage which mns upon two similar 
girders, the axles of the carriage being a feet apart, and a 
load of W tons coming upon each wheel. Find the two 
points where the bending moment is a maximum, and the 
greatest bending moment at x feet from one end, x being 
less than half the span. 

Firstly, it can be shown by a rather lengthy proof that 
to obtain the greatest bending. moment at any given point 
on the right half of the girder the right wheel must be 
upon that point, and for any given point on the left half 
the left wheel must be over the point. Let us suppose this 
proved, and let F be the reaction at A. Then 

-p __ Vf (I - a, - X + I - x) 

' ^ W(2Z - 2 a;- g) 
L 

.'. bending moment at B = Fa: 

_ Wa;(2^ - 2^ - g) 
/ 

= W(2/.-2.^-g:r) ^^^^^^ 
1/ 

Now, suppose we have a function of a;— 1.€., a quantity 
that varies when x varies — and suppose it can be thrown 
into the form 

A + Ba: 4- Cx^ + Dx^ + Ex* + &c. 

Then this has either a maximum or minimum value, when 

B + 2Ca; + 3Da;''« + 4Ea;^ + &c. = O, 

and common sense will generally tell us whether the 
function has a maximum or a minimum value, although we 
can also find this mathematically. If the reader remembers 
the above fact, he will reap one of the greatest benefits of a 
study of the differential calculus without having the trouble 
of mastering a considerable amount of mathematics that is 
rarely of use to an engineer. 
Here, then, the bending moment is greatest when 

2lx-2x^ — ax 
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is a maximnm, or when 

21 - 4x - a - O 
__ / a 
• -^^2 4 



31 



a 



so that the right or* left wheel must be -- feet from the 

4 

centre of span to cause the greatest moment^ which is 

SI 

The ram of the fixed hydraulic riveter, fig. 48a, is 6 in. 
diameter, and the accumulator is loaded to 1,5001b. per 
square inch. Allow for the momentary increase of pressure. 




Fig. 48a. 



and determine, by an approximate method, suitable dimen- 
sions for the transverse section of the cast-steel hob through 
KK. Determine also a suitable diameter for the two tie 
bolts, which are of forged steel 
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We may assnme the momentary increase of pressure to be 
2,000 lb. per square inch, so that the bending moment at the 
section khoi the steel hob is 

M = 2000 X -7854 x 36 x 72 inch-pounds. 

The stress that we might assume for cast steel is 16,000 lb. 
per square inch, the load being entirely removftl after 
each application, if we take the figures given in Un win's 
*^ Elements of Machine Design,'' Part I., p. 43. But as the 
load is applied suddenly, it will produce twice the stress 
calculated from the formula, 

where Z^ is the modulus of the section at h h Hence, take 
/ » 8,000, and supposing the section rectangular, and neg- 
lecting the effect of the sides parallel to the plane of the 
paper ; supposing also that 20 in. is the depth of the section 
parallel to ^ ^ between the centres of the areas of the sections 
of the metal ; then 

, ^ 2000 X -7854 ^ 36 x 72 

8000 "x 20 

» 25*4 square inches 

where 6 is the breadth of the section perpendicular to the 
paper, and t is the thickness of the metal. If the breadth is 
12 in., the thickness will be a little over 2 in. The load on 
the two bolts is 

P = 2000 X 7854 x 36 x — lb. 

4 

Assuming a stress of 5,000 lb., we have 

52 = 18 

where 5 is the diameter at the bottom of the thread. 

5 = 4-2 in. 
hence the diameter at the top is 

•9 -9 

= 4-72 in. 
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CHAPTER IV. 

On Tensile Shearing and Compressive Stresses : 

Riveted Joints. 

If strength is the only consideration in the design of a 
joint, then there should be no weakest section. One of the 
nearest approximations to such a case is that of a riveted 
joint, although even here the pitch is often smaller than 
mere strength would require in order to prevent what would 
otherwise be a leaky joint, and the rivets are more capable 
of resisting shearing than the plate to resist the tensile 
stress upon it. The subject of simple forms of riveted 
joints has been sufficiently dealt with in many text-books. 
We propose here to treat of some more complicated forms. 











• 



«y 



v'^ 




Fig. 49. 



First let us consider how such a joint as that shown in 
fi^. 49 might give way. This is a treble-riveted butt joint, 
with double straps, and five rivets to one wide pitch of 8 in., 
suitable for the longitudinal joint of a marine boiler. 



Thickness of plate » 1^ » 1125 in. = t 
Rivet diameter d = Ij; ^ 1*25 ; area » 1 227 
Wide pitch = 8 in. ; narrow pitch = 4 in. 
Steel plates, steel rivets. 



= a 



3m 
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The joint might give way (1) at the wide pitch, (2) by 
shearing of all the rivets, (3) by shearing of the onter row of 
rivets at the same time that the plate gave way at the line 
of rivets next to the wide pitch. 

It is usual to compare the resistance in each of these cases 
with the resistance of the solid plate, and to call this ratio 
the efficiency. 

Let/« = the shearing stress of a rivet 
ft = the tensile stress of the plate 
P = wide pitch 
;9^ = narrow pitch 

Then the Board of Trade consider that 

fl = 23 

ft 28 

and that a rivet in double shear is 1*75 as strong as a rivet 
in single shear. 
The efficiency at the wide pitch is 

V-A = -84. 

There are five rivets to one wide pitch of 8 in., so that 
their resistance to shearing is 

175 X 5/, a, 

and the resistance of the undrilled plate -for a pitch of 8 in. 
is ft p t Hence the efficiency for the rivet section is 

175 X ^fsa 
ftpt 

= 1-75 X 5 X 2| X -}^^-. = -98. 

28 1125 X 8 

In the third possible case of failure the resistance of the 
outer row of rivets for each wide pitch is 1*75 /< a, since 
there is only one rivet in double shear ; and the resistance 
of the plate at the outer narrow pitch is 2 ft (p^ - d) t^ 
taking two pitches of 4 in. The combined efficiency is 

1-75 fsa + 2ft (p"- - d) t 
ftpt 

^ 1-76 X ^-^x 1-227 + 2 x (4 - 1-25) x 1125 

8 X 1125 

= •?83. 
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The joint might also give way at the butt strap, and experi- 
ments have shown that it is preferable to make each strap 
11 times the thickness that theory woald dictate, considering 
its area at the weakest section, which is at the inner narrow 
pitch of rivets. Let ^i be the thickness of each strap, then 
the resistance of both straps at that pitch iB4:ftt{p^ - d) 
for 8 in. of plate, and this must be 1| times as strong as the 
plate at the wide pitch where its efficiency is least 

.-. t^ = ,v 1 7^^1-^J. = -8629 = i bare. 

Sappose, now, we had to design a similar joint for a 
marine boiler, 12 ft 6 in. diameter, pressure 160 lb. per square 
inch, we should arrange that the efficiency of the plate at 
the wide pitch is equal to that of the rivets, so that the 
pitch will not be too small, nor the rivets too large. 

It may be well here to remark that the Board of Trade 
limits the widest pitch to 8^ in., unless specially allowed by 
them after the case has been submitted to and passed by 
them. 

Let D, P, V be the diameter of the boiler in inches, the 
pressure per square inch, and the least efficiency of the 
joint; then 

VJ) = 2ftvt 
where ft is the safe stress in the plate ; 

V = ^^ — .\ d — p (1 - v), 
P 

and for equal strength of rivets and plate 

(p^d)t^l7bx6xf-x^, . 

because there are five rivets in double shear to one wide 
pitch, and 

A ^ 23 

ft 28 

• "f^ = 175 X ?? X 7854 ci 



1 - "7 28 

= 5 64ri (n) 
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PD 



,\d 



11 28 ft (1 - v) 



and ft - ^^7?0 1^ 

i.e., 28 tons is the breaking stress, and 5 is the factor of 
safety. 

. ^_d PD ..V 

••^"i-^" ir28/t(i-^)-^ ^ ^ 

Suppose we assume a high efficiency of joint, say 85^ per 
cent. Then 

_ 160 X 150 X 5 

^ 11*28 X 62720 X (•146)-^ 
= 8-07 in. 

P D 160 X 150 X 5 



t = 



2 A 77 2 X 62720 x 855 
= 112 
= IJ bare 
d^ p{l- 7i) = 8-07 X -145 = 117 

The nearest 32nd of an inch above this is liVin., so that if 

P = 8iV, ^ = H, cZ = lA, 

the plate and rivet efficiencies will be very nearly equal, and 
the efficiency of the plate section at the outer narrow pitch 
and of the outer row of rivets is 

2ft(f^ - d)t + l'7o/sa 
ftp t 

2 X 2-844 X 1125 + 175 x |? x 1107 

2o 

8 0625 X 1 125 
= -88, 

so that the least efficiency is '855. 
The butt strap has a thickness t^, and 

Ci — ITT r -X / 

ir — d 

= /« X 1125 = %^]^^ X -85 in. 

= \ in. bare. 
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Equation (6) shows that the above method of calculation 
will make p greater than 8^ in. if too high a value of ^ is 
assumed ; but from equation (a), if t is not greater than d^ 
then 

^- is not less than 5*64, 
1 - ^7 ' 

C 64 ^ is not less than 5*64, 

or 7j not less than '8495. 

The Board of Trade require that d shall not be less than t, 

and therefore rj cannot be less than '8495, if plate and rivet 

efficiencies are to be equal ; so that if the assumption of this 

efficiency makes p in equation (b) more than 8^ in., then the 

pitch must be assumed to be 8^ in., and d must be made 

P D 
equal to t, --z— cannot be greater than 2 17 if the efficiencies 

ft 
are equal ; for if p and rj have their limiting values — viz., 
8^ and '8495— then 

?^ = 11-28 p (1 - vV = 217. 
ft 

Suppose, then, that this value is exeeeded, we proceed as 
follow : — 

- , = 7} t 

. ^p - d^ 
V 

P 
and p = 8?> in. 

*Let D = 15 ft. 25 in."=: 182^ in. 

P = 170 lb. 

and ft = 132501b. 

.M-i7 = (8l5r_0, 

.-. ^2 ^ 8-5^ + 9 95 = 0; 

a quadratic giving 

, _ 85 i 57 

" JSee the Ungineer, July 10th, IS'Jl. 



38 EIVETED JOINTS. 

Of oonrse we must take the minns sign for the second term, 
which gives — 

< = 1*4 = H^ in., nearly. 

d = lifin. ; p^ = 41 in, 

Plate efficiency =- -834, 

Rivet efficiency = '93. 

An example of a pitch greater than 8^ in. is as follows : — 

D = 15 ft. 1 in. ; /> = 85 in. 

P = 1601b.; ^ = cZ = IH 

P^ = 4/5 (steamship Ophir), 

which may be obtained in the same way as in the last 
example, assuming p = Si and ft = 12768 lb. ; or by the 
first method, assuming an efficiency of '8495, so that d and t 
may be equal. 

'^^^ ^ = 11-28/! a -,)-^ 

160 X 181 



11-28 X 12768 X (loOdy^ 
= 85 in. 
rf = ;; (1 - 77) = 8-875 X 1505 
= 1*335 = 11^ in., very nearly 

^^ = 6 64 d 

- V 

.\t-^d^ IHin. 



The stress ft here chosen is 28^ tons per square inch 
breaking stress, with a factor of safety of 5. 

There is another type of joint much used for the same 
purpose as the above, f ropi which it differs only in having 
the pitch of the inner row of rivets equal to that of the 
outer row, while the middle line has a small pitch, as usual. 
There are, therefore, only four rivets to one large pitch, 
instead of five, and, for a given thickness of plate and pitch, 
the rivets must be larger than in the first joint, and there- 
fore the efficiency is a trifie less ; or if ^ and v are fixed, p 
must be greater than with five rivets. ^ 

The butt straps are stronger at the inner wide pitch, and 
therefore need only be five-eighths of the plate, for the 
weak section at the narrow pitch is supported by the inner 
line of rivets, and a break at the narrow pitch must be 
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accompanied by the shearing of these to cause a failure of 
the joint. The following is a numerical example : To design 
a joint for 1^ in. steel plates, having an efficiency of 
'8325. For equal strength of rivets and plate 

(p-c^)^ = l-75xg x4a; 

because there are four rivets in double shear, and 

(^-I-^ = -8325 
P 

.-. -8325 X lip = 175 X ?? X 4a 

26 

and c? = p(l-7;) = px 1675 

.-. d2=j92 X -0281 

. ^ ' 8325 X 1^ X 28 _ o.o- 

"^= 175x23xJx0.8i '^^^^°' 

.•.d = 1-375 = IS in. 

The straps will be each 

5 / 25 . 

' Two lengths of mild steel tie rod of rectangular section 
7 in. by lin. are required to be connected by means of a 
riveted butt joint, with a cover plate on each side. Calculate 
the diameter of the rivets, and estimate the efficiency of the 
joint. 

We may assume eight rivets, four on each side of the joint ; 
there is one nearest the joint, two further Irom the joint on 
a line perpendicular to the centre line, and one beyond these, 
so that the efficiency of the strap is the same as that of the 
plate. The plate efficiency is clearly 

where d is the diameter of the rivet. Assuming 

/ 23 . 
^* = 2«^' 

and that a rivet in double shear is Ij times as strong as one 
in single shear, 

4 X -7854 X 1-75 x ?? c^^ = (7 - c?) . ^ . 
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.-. 4-41 C?2 + c? _ 7 = 0. 

.-.(/ = 115, 
^1 - -836 . « V2 

where 772 is the efficiency of the rivets. 

^3 is tne efficiency of the joint, supposing that it may fail 
by breaking at the narrow pitch, and by shearing of the 
outer rivet. 

H o J 1*75 X -7854 d^ 



973 = 



- 2d 



+ 



^ 28 



47 +i:^ = -942. 



The thickness fi of the bntt strap = g that of the plate, 
because its efficiency is the same as that of the plate. 

In figure 50 is shown a form of joint which is a sort of 
combination of the butt strap and lap joint. The outer 
pitches a and c are twice as great as the inner pitch b. Let 
p be the outer pitch, d the rivet diameter, and t the thickness 



£l^ 



^ 



ci 





i 



1 



a. 



^ 



Fig. 50. 



] 






of the plate ; we shall show the various ways in which the 
joint may fail, and calculate the pitch and diameter of the 
rivets. 

The plate may give way along the line of rivets a, and the 
efficiency at this line is 

p - d 

P 

The rivets are weakest at a and 6, both of them being in 
single shear if the plate d is strong enough to pull them from 
e and/. There are thus three rivets to each wide pitch, so 
that 

3 X ?? X -7854^/2 ^(p-d).U 
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The plate / might break at the middle line o! rivets, and the 
row c of rivets might shear simnltaneonsly ; so that 

(p-2d)t + ^x -7854 X (^3 = (p - d). «. 

Maltiplying the latter equation by 3, and subtracting the 
former from the latter, we get 

3(/> - 2d)t^2(p- d).t 

/. p = 4rf. 

which will be the efficiency for all three ways of fracture. 
The first equation also gives us 

23 



'^6 



X '7854 d = t 
d = 1*55 t. 



CHAPTER V. 

CoTTERED Joints. 

Another form of joint, in which one would naturally 
expect that some ratio would exist between the tensile and 
shearing stresses to which it is exposed, is that shown in 
fig. 51. It is much used to connect piston rods to crossheads. 
Lqt 6, ^ be the mean breadth and thickness of the cotter. 
The rod is of wrought iron or steel, the cotter of steel, and 
the socket of cast iroD, wrought iron, or cast steel. Usually 
P and D have the same diameter, because the rod when in 
compression is subject to a bending as well as a longitudinal 
stress, and it is therefore unnecessary to increase the section 
near the cotter so that it may equal that at the rod ; also 
an enlarged end requires a split gland for the stuffing: box. 
Let F be the greatest force upon this joint, and let 1)2 ^3 
be the diameters of the tapered end at the sections x y^w z^ 
which are taken through thn centres of the circles at the 
ends of the cotter section. The tapered end is weakest at 
10 z and the socket at x y. The section of the cotter opposed 
to shearing differs but little from 2h U 
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.•.F-2/.K=/i(^D% - D:,<)' 

■=A^{^(Dx»-D2'^)-(Di-D2)<} 

where ft, ft'' are the greatest tensile stresses on the rod end 
and socket at w; and xp. When F compresses the rod, 
there is, of course, no stress on the cotter, bat there is a 
bursting stress on the socket, which, we believe, it would be 
exceedingly difficult to calculate. The values of f$, ft, and 
ft ^, even for engines of the same class, differ very greatly, as 




I 

I 

■4- 



T 

p 



I 




^_.ylt^^-_H 



Fio. 51. 

-will be seen by Table I. It is probable that they are rarely 
calculated, for, if they are so, it is evident that designers 
must have widely different views upon the strenguis of 
materials. In Table L, c, m, w, k stand for cast iron, 
malleable cast iron, wrought iron, cast steel. Piston rods 
and cotters are all made of steel. The letters C, N stand for 
condensing and non- condensing. In the former case 12 lb. 
is added to the boiler pressure, so as to allow 3 lb. for back 
pressure. In the two compound engines the stresses have 
been calculated from the diagrams. H S stands for horizontal 
stationary ; L for locomotive ; F for portable ; H S T for 
horizontal stationary tandem ; and R M for rail mill engines. 
It is sometimes stated in text-books that L = 3 6, but in the 
table it is generally betwpen 2 and 36. The greatest values 
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4a 



of /«, fi, and ft ^ for stationary engines are 7,840, 11,200, and 
1,976 ; and for locomotives 15,500, 14,500, and 4,010. We have 
in a few cases calcolated A, the pressure per square inch on. 

Table I. 



Tyx)e of engine.. 
H.P. diameter . . 
L.P. diameter .. 

Stroke 

Boiler pressure.. 

Max. pressure 

H.P.O. 

Max. pressure 

L.P.C. 

L 



6 . 
t . 

D . 

d . 
P . 



^r 



H.S. 


H.S. 


H.S. 


H.S. 


H.S.T. 


9 

• • 


14J 

• • 


27 

• • 


18 
22} 


24 
46 


18 


30 


36 


24 


72 


60 N 

• • 

• • 


80 C 

• • 

• • 


60 C 

• • 

• • 


120 

67 

43 


90 

78 
16 


4i 


H 


9 


6i 


14i 


n 


2 


H 


h% 


5} 


§ 


h 


1 


A 


U 


Sic 


iim 


6^20 


4 ID 


S^w 


u 


2| 


31 


n 


5i 


u 


H 


21 


2J 


5 


n 


2| 


H 


2} 


5i 


3700 


7600 


5000 


6950 


4500 


4110 


0670 


10750 


6330 


4360 


628 


1620 


1880 


1620 


1975 


7525 


• • 


14100 


17600 


• • 



R.lf.T. L. 

84 , 18 
60 



L. 

17 



L. 

17 



60 



24 I 24 24 



100 I 150 



150 I 150 



13 i 5i 
4i 2i 



n 

6 
5 
6 



5} 5i 
2J I 2i 



i 

6ii 

3| 

3,V 



22 



P. 

10 



12 
80 X 



2| 
2i 
2| 



'4iw 



I 2 7 



2i'b 



2i 



9700 16400 15500 



3 

U 
i 

IS 



1^ 



15 

10000 



8860 ' 9100 14500 4510 



I 2490 I 
14000' 



4010 
25200 



the bearing surface of the cotter. This is sometimes greatest 
in the rod end and sometimes in the socket. 

To calculate the dimensions of such a joint as this, we 
should first assume some ratio — 

_= ^- = J generally. 



Then 



t^ == 



2fs' 



so that t and b are known. 
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Then 



4 ft 



is a quadratic, from which D3 may be found. If D equals 
Di, and L is assumed at from 2^6 to 36, this gives the 



Table II. — Dimensions of Locomotive 

Cbossheads. 



Diameter of cylinder. 

Stroke 

Pressure 

A 



B 

O 

D 

E 

F 

G 

H 

I 

J 

K 

L 

M 

N 

O 

P 

Q 

R 
S 

T 
U 
V 

w 

X 
Y 

z 



19 

2G 
150 
3 
2J 
2* 
H 

2i 

11 

8 

S 

6 

2} 

3i 

H 
14 

Hi 
} 
h 

3 
h 

n 
n 

G.V 

u 



^'5 



4J 



17 

24 

150 

2} 
2,» 
2J 
I 

2i 

n 

3 
S 

5i 
2J 
3 

If 
10 

Hi 
I 
\ 
\ 

2} 

If 
(5J 

1} 

&i 

4J 



16 

24 

150 

n 

2tI- 
2r'ir 

S 
4i 
2i 

11 
3 
3 
6 

2J 
3 

18 
10 

Di 

J 
\ 
\ 

6 
\ 
2J 

2 
6 
4| 



It) 

22 
150 
2* 
21 
2 

4i 
24 
If 
28 
8 

61 
2i 

2i 

1} 

lOi 

lOi 

i 
\ 
} 

5} 
24 

H 
6S 
11 

5J 
41 



15 

22 
150 
2| 
2i 

4& 
2 

li 

2* 

21 

5 

2i 
21 

U 
9 
10 
^\ 

i 
2i 
U 

II 

31 



dimensions of the taper end. Di may then be calculated 
from the formula — 

^(D,2-D2^)- (D, - D2)< = -^,, 
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D2 being first obtained by constraction. Table II. gives 
the dimensions of locomotive crossheads of the type shown 
in fig. 52. 

A roond steel bar, whose diameter is 1 in., is loaded with 
8 tons, and the end which is enlarged is cottered. Determine 
the thickness t of the cotter, its breadth 6, and sJso the 



1 



' > ' Job * 'r- 




FiG. 52. 



diameter D of the enlarged end of the rod, so that the stress 
in the cotter may be 7 tons, and the bearing pressure not 
more than 20 tons. Let d be diameter of the rod ; then, if /is 
the stress per square inch, 



4 4 



(1) 



where 



B 8 tons, 
fiht'^A. tons, 

fs = shearing stress in the cotter. 

7bt :=- 4: tons (2) 

20 i D = 8 tons (3) 
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From (1) and (3), 

4^4 20' 



From (3), t = 



-7854 V ' ^ 20 / 
= 1-51 
D = 1-23. 

8 8 



20 D , 20 X 123 
t = -326 

h =-^^_-= 1-765. 
7 X "320 

^ To work out the proportions of a cottered joint, the rod 
having a tapered end, given that ft — 8,900, /« = 9,500, ft ^ 
the stress in the boss = 2,500, ^ » i^ 6, P = 3 in. (See fig. 51 
and Table I) 

2fsht^ft (^Ds^-Ds^) 

-ft' [f (Dx^ - D,2) - (D, - Da) ^] 
= A^P^ 

4 

.-. 19000 X \\b^ = 8900 X -7854 x 9 
whence 

h = 2-92 ; ^ = xV ; 6 = 1-135 ; 
ft (7854 Ds^ - Ds = 19000 x A x 8-5 ; 

.'. -7854 Ds^ - 1135 Dg = i?^ x yV x 8 5, 
^ ^ 890U • 

whence D3 = 3*8 very nearly. 
Allowing for taper, let D2 = 4 in. 

2500 (-7854 {D^^ - 16} - {D^ - 4} x 1-135) 

= 19000 X rV X 8 5, 
whence Di = 742 
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CHAPTER VI. • 

Connecting-rod Ends. 

In Tables III. and lY. will be found the dimensions of 
several locomotive connecting rods for cylinders of different 
sizes. We think this is preferable to giving proi>ortional 
dimensions and average stresses. We have also given the 
diameter of cylinder stroke and pressure, and from these 
calculated the stresses at starting. These are not the 
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working stresses, which depend upon forces with which at 
present we are not dealing, but they are probably the best 
aids in the design of the rod, as these forces are very 
difficult to calculate, and if mathematical formulae for them 
were found, they would be quite unsuited to practical men. 
The following is the method of calculating these stresses in 
the case of the rod for the cylinder, 17 in. diameter, 24 in. 
stroke. 
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Figs. 53 and 54 show the large ends of all fonr rods, and 
the small ends of the last three. The load on the rcMi we 
have taken is — 

150 X 17^ X 7854 =34000 lb., 

neglecting obliquity of rod ; f^ is the stress in the strap at 
the thinner part — 



A = 



34000 



2 75 X 175 X :5 



= 3530 lb. 
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The mean diameter of the bolts is 1*312, and therefore the 
stresss f^, in the strap at the bolts is — 



/2 = 



34000 



25 X L' X 1438 



= 4725 lb. 
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The shearing stress /< in the bolts is — 

/, = ?^^ 6300. 

^ 4 X -7854 X 1 ai2^ 

There is also a bending stress in these bolts, bat it is not of 
so much importance as the shearing stress. At the thinner 
end, where the bolt projects from the rod ends, its diameter 
is nearly 1^ in. ; and assuming that the load is uniformly 
distributed over the 2^ in. in t^e strap, the stress caused by 
bending is — 

F-?^??^x-li^]?, = 5540. 
4 IT X (li)^ 

(The modulus of a circular section ia ^d^ where d is its 

diameter.) 

This is less than /«, and, as all cotters and pins in shear are 
more or less subject to bending, the mean shearing stress 
may be used for purposes of calculation rather than F. 
Moreover, it is proved in Cotteriirs ''Applied Mechanics," 
article 188, that the distribution of shearing stress is not 
uniform over a circular section, but at the diameter at right 
angles to the plane of bendins: is 1^ of the mean, so that the 
maximum shearing stress is 8,400 ib., and as this is greatest 
where there is no bending stress, and decreases as the 
bending increases, it is safe to take the larger stress of the 
two alone. In a rectangular section the greatest shearing 
stress is also at the centre, and is 1^ the mean. A hole is 
made in the rod end, which is circular or rectangular. This 
lightens the end. The section oq either side of the hole is 
2 in. by 2| in. broad, and as this is reduced by a bolt of mean 
diameter 1*312 in., the stress 

/, 34000 ^ ^^ 

' 4 X 1-438 

The strap is thicker where it crosses the centre line, as this 
portion has to resist a bending moment whose magnitude 
is unknown, because the distribution of pressure is unknown. 
If it were uniform, the case would be that of a beam, fig. 55, 
the load being upon 8j^ in., the height of the brasses and 
the supports being taken at a distance apart equal to that 
of the centres of the upper and lower p^rts of the strap. 
Let Fi be the stress, M the bending moment at the centre, 
and W the load. 

4m 
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^ W X 9-875 __ W X 8125 
4 8 

= 1*455 W inch-pounds. 



h'K- 



The modulus of the rectangular section being -— and 



h = 2-75 

A = 225 

_ 1*455 X 34000 x 6 
2-75 X (2-25)'^ 

« 213001b. 




This is far greater than it could be reasonably expected to 
bear, and shows that the load must be distributed unequally, 
less in the centre, and more towards the ends E F. 

/g = ^ = 3550. 

It will be seen that in Table II. 

W 



H 



= 1-335 to 119, 



the mean value being 1*271. 



W 



If the shearing force at this section were —, the greatest 

possible, then the stresses would be 3,17, 2,870, and 3,380 in 
the four examples here given. 
The stress in the large end of the rod itself is — 



. _33O0O 

/ 4 1 



34000 



T.u m X 4i 



= 4470. 
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In the small end of the rod the stress is — 

34000 



A = 



= 6700. 



3^x18 
Table III. (large end). 



Diameter of cylinder 

Stroke 

Pressure 

A 

• • • 

B 



E 
F 
G 
H 



K 



M. 
N. 



Q 
R 

8 



U. 
V. 
W 
X. 



/2 



18 

2« 

150 

IS 

li 

3 

8g 
8» 
U 

3 

4 

77 

63 
Of 

I 

i 

li 

14S 
21 

4i 

2^ 
2 

31 
3i 

f 
4235 
4500 
7050 
4560 
4S40 
4500 



17 

24 

150 

li 
U 
4i 
8i 
8i 

If 

7 

1} 
2} 

3} I 
74.} 

61 

el 

I 

2t\ 
16^ 

2i 

IH 

4i 
2i 
2i 

4i 

I 

3580 
4725 
6300 
3550 
4470 
5900 



In the strap the stress is — 

34000 



16 

24 

150 

IS 

U 

3 

Si 
8 

li 

1§ 
3 

4 
6S 
58 
Ci 

S8 

} 

i 

14i 
2J 

li 

4 

2S 
If 
5| 



3650 
8760 
5575 
4410 
50^0 
3870 



fn = 



= 4120. 



3 X 2 X If 

In the thicker part of the strap at the bolts 

U = 5120, 

and U is calculated for the small end in the 
f^ for the larga 



15 

20 

160 

U 

1 

2} 

6J 

6J 

li 
6 

lA 
^\ 
3| 
54.i 

4i 

4* 

1\ 
None 

\ 

18 

11} 

11 

38 
2J 

li-V 
4} 
28 
8 

4040 

4340 

7950 

5100 

5820 

4335 



same way as 
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In the fourth column of Table I. the engine referred to 
has a connecting rod whose large end is similar to that in 
fig. 53. Here the values of /«, /21 fz% A ^^ 4,500, 4,260, 
4,080, and 2,870. In the second column of the same table the 
connecting rod has a strap, gib, and cotter, and /«, f^^ fsy A 
are 3,980, 2,780, 2,630, and 1,885. 

Table IV. (small end). 



Diameter of cylinder 

Stroke 

Pressure 



a 



d 
e 

f 

h 



n 
o 



17 


16 


15 


24 


24 


20 


150 


150 


150 


n 


ItV 


lA 


1t\ 


n 


1 


3i 


2i 


2* 


4 


4 


3J 



V .. 
10 .. 
X .. 

A" 

A-. 

/lO 



3i 
1 
3 
la 
3 

74J 
Si 

I 

i?5 

2 
ig 

2 
If 

6700 
4120 
5120 
3070 
8140 



J 
3 

U 
3 

68 
7i 

f 

u 

lOi 

li 
li 

3 
■li 

H 
i 

6700 
4460 
5380 
40C0 
8640 



8S 

1 

2^ 
54 i 

None 
8 

U 

Sy-ir 
18 
13 
2i 

7710 
5300 
4900 
4330 
8925 



In Table III./io is the stress at the centre of the rod when 
it is in compression. The method of calculating this will 
be explained later on. The value of /lo for the first rod in 
Table III. is not given in Table IV. ; it is 8,150. 
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CHAPTER VIL 

Mabine Connecting-bod Ends. 

Fig. 56 shows a type of rod end used for both stationary and 
marine engines, but spoken of by the above name. In this 
bolts and a cap replace the strap. In Seaton's "Manual 
of Marine Engineering" the stresses are calculated!^ by 
assuming the l^td on the rod to be the product of the boiler 




U'O'-^^ ft — 



pressure and the area of the high-pressure cylinder. For 
wrought-iron bolts the stress is given as 5,000, and for steel 
6,500, the weakest section of the bolt being at the bottom of 
the thread. In practice, however, the stress varies consider- 
ably, as may be seen by Table Y., in which M. T. and M. C. 
are marine triples and compounds. U. S. N. refers to triples 
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in the United States Navy^ and H. S. are horizontal 
atationary non-oomponnd engines ; one of these being a 
condenaing eogine, 121b. has been ndded to the boiler 
pressure. The stress in the bolt is /, the diameter at the 
bottom of the thread being that of a Whitworth bolt in all 
the columns except those marked U. S. N., in which the 
diameter is taken from a table of Sellers screws. The stress 
in the small ead of the rod is/^, and f^ is the stress at the 
centre, calculated by a formula whiob takes into acconnt 
the length of the rod, and which we shall explain presently. 




In the mercantile marine, connecting rodi are generally 
forged of scrap iron, hut in the navy forged steel is ased, 
and the stresses allowed are generally much greater. Table 
VL gives the dimensioas of this type of rod end, the letters 
referring to those in fig. 56. The letters t, v., v, w refer to 
the white metal strips : t is the thickness, w is the number 
of strips, and u v gives the widths outside and inside the 
brasses. These strips are cist in place, and project A in- to 
^in., and the "brasses" are frequently made of steeL In 
Table Yi. they are made of brass. 
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The cap may be treated as a beam which has a span c2Land 
is probably uniformly loaded. The stress /s (Table YI.) is 
calculated on this assumption. In the first four cases it 
does not differ much from 6,000 lb. The thickness c of the T 
end of the rod is generally made from ^ in. to ^ in. thicker 



Table VL 



Diam. offl.P. Cyldr. 

Stroke 

Pressure 

a 

b 



d . 
e , 

/ ■ 
ff 

h . 
i . 
k . 
I . 
m . 
n . 
. 
P 

a • 

r . 

8 . 
t . 
U . 

V . 
w , 

/a 
A 
P 



2.'>i 
45 
160 

4i 
16 

5 

17^ 
24} 

H 
7| 
3} 
9 

12 
16 
04^' 

n 

i 

Ifi 
ll 

14 

5S60 

5350 

545 



3H 


36 


54 


48 


ISO 


90 


5* 


4* 


214 


1(5 


6 


4h 


22i 


18 


82i 


25 


16 


13 


5 


81 


n 


8 


H 


3 


13 


9 


7^ 


5 


16i 


13i 


21J 


14i 


120 


108 


85 


8 


4 


3 


} 


1 


H 


H 


i 


h 


2i 


2 


2i 


n 


14 


8 


6000 


6775 


5S30 


7^30 


530 


510 



8 


19 


16 


S6 


100 


160 


a 


•ii 


5i 


13i 


n 


3 


5} 


13J 


8* 


17i 


4 


»a 


U 


2S 


2* 


4} 


S 


3^ 


H 


6 


n 


33 


5 


8 


5 


12J 


3« 


7H 



1 
I 

solid 
solid 



6340 

5000 

401 



23 

i 
1 

i 
8 

88 



9900 

10700 

574 



'S2h 
36 
160 

Si 
15i 

S8 

18 
24i 
11 
Si' 

n 

2 

5i 

lU 

13i 

72 

2i 

2* 

i 

8 

n 

2 

8 

8OC0 

0600 

520 



27* 

36 

GOc 

9 

OJ 
18} 
6i 
2J 
4J 

5 

Si 

S 

8i 
90 

IB 

2 

h 
1 



9500 

9200 

825 



12 
16 
80 

U 
5i 

10 
4i 

2J 



4 

2i 

4} 

53 

1 

li 
i 

6 



6000 

6100 

420 



* Horizontal Statiouary Coadenslog Engine. 

than the cap, as the load, when the rod is in tension, is 
concentrated near the centre. It is difficult to say what is 
the greatest stress in this part. If W is the load, /^ has 
been calculated from the formula, 

r kc^ W(d - h) 



MABINE CONNXGTING-BOD ENDS. 



67 



The mean of the first fonr values is 5,927. We have not 
incladed the fifth and sixth columns, as the stresses in these 
rods are higher than is usual for the mercantile marine. 

W 

and is the pressure per square inch on the crank pin. It 
lies between 400 and 600 for marine engines. 

Table VIL 



Diameter of H.P. Cylinder 

Stroke 


lt» 

IGO 

2k 
51 
2J 
7 

11 
4 
2 

4S 
44 
28 
41 
5 

76i 

14 
2 

solid 

84 

9i 

24 

■ 4i 

4900 

6400 

4640 

1160 

8820 


254 

45 

160 

2i 

84 

3i 

11 ii 

168 
64 
2} 
6f 
64 
4i 

6i 

84 
944 

11 
2 

1 
i 

13i 

184 

8J 

6f 

4480 

12600 

4910 

930 

5100 


814 
54 
180 

3} 
11 

4 

134 

2U 

8 

81 
8 
8 
54 
8J 
11 
120 
24 
2| 

4 

1 

144 
'20J 

4* 

8 
8800 
6320 
4500 
1000 
6100 


27 

48 


Pressure 


160 


a 


2f 


b 


83 


t 
c 


3i 


d 


11« 


e 


16i 


f 

a 


6 

2} 


h 


6 


k 


5| 


/ 


43 


m 


6} 


n 


83 





105 


n 


11b 





24 


r 4 


A 


IT 


solid 


i 


IS 


r 


20 


w 


3^ 




X 


7 


f. 


4600 


/- 

A...- 


9000 
6100 
1130 


f. 


7300 


'■•••••••••• 





One form of 'small end for a marine connecting rod is 
shown in fig. 57, and Table YII. gives examples. The fork is 
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generally longer, like that in fig. 58. The stress in the bolts 
IS /s, which shoald be less than that in the bolts at the large 
end, as the load may come more upon one pair than the 
other. The stress in the cap is /ei calculated in the same 
way as /g. 
The stress /r in the T end is calculated from the formula, 

.^kc^ _W ^ d - h 
•^' "6~ " 2" "IT' 

which gives the stress due to bending at a distance -^ from 



its centre — 



P^ 



W 

2/m 



and is the pressure per square inch on the crosshead pins, 
which is from 900 to 1,200— 



/s = : 



vm' 



190/^ 



being the stress caused by bending in these pins. 



Table VIII. 




36 


33^ 


1 
27 


12 


48 


39 


27 


16 


90 


150 


150 


80 


4 


Sh 


2} 


U 


11 


14 


10} 


8} 


6i 


7* 


6* 


2i 


19 


19 


12 


61 


S 


2} 


2J 


U 


7 


6i 


H 


2S 


14 


18i 


lOJ 


5 


Qh 


6 


4« 


2i 


1330 


1260 


1330 


876 


72 


120 


140 


— 


2170 


3840 


3930 


1680 


9300 


8570 


8400* 


8470 


14S0 


3150 


3460 


1600 



lot 

20 
60 

8§ 
2§ 

6i 
1 

2| 
4i 

n 

588 

897 

2745 

856 



* Hollow gudgeon, internal diameter 3^ in. t Horizontal stationary engine. 
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Another form of small end for the connecting rod is shown 
in fig. 58. Dimensions are given in Table VIII., the fifth and 
sixth colnmns being taken from craiser engines. In these 

it will be noticed that AiAi/s ^^^ "^^^^ ^^f^K ^^^ P ^^ i^o^ 
very difierent from the vaines in the other colnms. If W 
is the whole pressure on the high-pressure piston, calculated 
as before, then 

W 




Fig. 58. 



the bearing surface of the gudgeon being B.C, and p the 
pressure per square inch. The stress in the fork is 

/ - ^- 

•'1 2E.F 
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thA section very being nearly E F at each side, the fact that 
it is turned making it differ slightly from this value. 

/ ^ na _ W.( R + 2A) 
•^^ • 32 ^ 8 

gives the Hending stress /« in the gudgeon, assuminfl: that 
the load W is uniformly distributed over a length B, and 
that the reactions have their resultants at a distance B + A 
from one another — i.e., are at the centres of the eyes. 
The stress in the metal round the pin is 

•^^ 2'A.(G-C)' 

If we try to work out proportional dimensions for this 
form of rod end, we shall find that we must assume different 
values of Py /, &a, for eveiy type of engine. We have 
already shown that the engines of a cruiser, where high 
speed and lightness are required, weights are reduced as 
much as possible, and stresses are therefore much higher ; 
but beairing surfaces cannot be reduced to any ereat extent. 
Suppose, then, that we have to design a rod end for an 
engine of the mercantile marine, we may proceed as follows : 

Lst W = 2600 X -7854 H*, 

so that the stress in the small end of the rod when in tension 
is 2,600. Then 

W = 2040 H2. 

Assume F = 12 H, aad/i = 1500 ; 

then r, 2040 H .-. . - „ 

^ = 3odorYT-2 = ^^^ ^' 

Assume A =» '67 H, 

p - 1100, 
and C = 115 H. 

Then ^^^W 

. T. _ 2040 H _ ..^, xr 
1100 X 1 15 



. 4 W (B + 2 A) _ 



IT . Ca 



6150. 



If fz had been too great, it would have been necessary to 
increase C and decrease B. It is difficult to say when /2 is 
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too great, if we judge by examples from practice ; but in all 
probability it should not exceed 5,500. 

Gadgeons of case-hardened wrought iron have been found 
to work better than steel. 

To find G, let/g = 1500. 

.'. 3000 A (G - C) = 2040 H'^ 

G - C = ._?040II^ 
3000 X b? 
= 1 015 H 
G = 2165 H = 1 88 C. 



CHAPTER VIIL 

On the Compression of Long Rods by Longitudinal 

Forces. 

Figs. 59, 60, 61, and 62 show four ways in which compressive 
forces may act on a long bar. In fig. 59 the ends are fixed 
in the direction of the load, a practical example of this being 






Fig. 62. 



a piston rod. In fig. 60 the ends are only guided in the 
direction of the load ; in fig. 61 one end is fixed and the 
other guided in the direction of the load ; in fig. 62 one end 
is free and the other fixed. 
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If E is the modaluB of elasticity in poands, I the length 
in inches, and P the breaking force in poands, then in fig. 59, 
according to Ealer, for rods of uniform section — 







in fig. 60, 


P = ir^i ^ ^ • 


in fig. 61, 


P - 2 ^2 E I 


in fig. 62, 


p t2EI 
^ 4 r^ • 



I, in figs. 59 and 62, is the least moment of inertia of the 
section, and in figs. 60 and 61 is the moment of inertia about 
a line through the centre of area of the section, at right 
angles to the plane of bending. 

The values of E are 29,000,000 for wrought iron, 30,000,000 
for steel, and 17,000,000 for cast iron. For the safe load 
substitute n E for E, the corresponding values for this being 
5,800,000, 6,000,000, and 2,800,000, according^to Prof. Unwin. 

This formula is, however, only suitable to very long rods, 
in which the increment of stress caused by bending is very 
much greater than the safe crushing stress per square inch. 
We can show this by takiiig an extreme case. Suppose, in 
fig. 60, that the depth of section is h and the breadth 6, and 
that the plane of bending is in the direction of the depth. 
Then, if 6 A is kept constant, and h increased, the value of I 
will increase, and P also ; and as h may be increased to any 
extent, so also may P, which is absurd if 6 A is constant. 
The rod may be supposed to be prevented from bending in 
the direction of the breadth by two smooth vertical planes. 

The following formulae (Gordon's, Seaton'g, and Grashof 's) 
are more suitable for practical purposes. Gordon's formula 
was modified by Eankine, and represents the results of an 
extensive series of experiments by Hodgkinson. Here W is 
the breaking load, I the length, A the area, f the coefficient 
of strength, h is the depth of section in the direction of 
bending, and n is a constant in the formula — 

I = « A A2 ; 
all dimensions being in inches. 

c n h^ 
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The following table gives values of / and c : — 





/ 


C 




Pig. 59. 


Fig. €0. 


Fig. 61. 


Wrought iron 

Steel (mild) 


86,000 
42,000 
80,000 


36,000 
86,000 
40,000 


9,000 
9,000 
1,600 


18,000 
18,000 


Cast iron 


3,200 



If the section is rectangular n is rV) and if circular ^v. 
In fig. 54, for a circular section 



W = 



/A 



1 + a 



l^ 



d'^ 



where d is the diameter of section, and a is aTsir for both 
wrought iron and steeL For a rectangular section 



W 



where 



1 + a 



^ 
k^ 



For fig. 60 change a to 4a, and in fig. 61 a to 2a, in the 
above equations. 

Seaton's formula is only suitable for rods of circular 
section ; P is the safe load usually taken as the boiler 
pressure multiplied bv the area of the H.F. piston. S is the 
area of section, d is the diameter at the centre, and / is the 
lengtL Then for a piston rod which is in a similar 
condition to fig. 59, 



Seaton takes 
and 



/ = 3000, 

a — STHTTy* 



For connecting rods K = 



1 + 4a 



d' 
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as these are similar to fig. 60. E is the resultant of F and the 
pressure on the shoe, and for rods which are only twice 
the length of stroke 

K = 1-03 P, 

so that it is usual to take P instead of R. 

Grashof s rules are as follow : P is the safe load, and f^ f^, 
are coefficients of strength, and A, I, Z are the same as 
before. Then, for fig. 69, 

P= A A 



or 



and for fig. 60 



^ 


A /2 

1 + - * 
A A 


p 


1+ ^''^ 
4 Cj I 

_ A A 


p 


1+ ^'^ 

CM 

_ A A 


*. 


A /2 

1 + 



or 

the lesser of the two values being always taken. 

C C f f 

Steel 5,000 6,000 12,000 12,000 

Wrought iron... 6,600 5,600 10,000 10,000 

Cast iron 10,000 2,400 3,000 12,000 

For circular sections the above formulae become — 

/•A 



P = 



1 + e^ 



For fig. 60 P=- ^,7^; 

where a is rhu for wrought iron, and t^z-u for steel. 

If the section is rectangular, and h the depth in the plane 
of bendlDg, and 6 the breadth — 

12 ' ' 
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and in fig. 59 p =_-^^ 



In fig. 60 ^^rfiz^^ 

where C is 5,600 for wrought iron and 5,000 for steeL 



CHAPTER IX. 

Connecting-bod Ends. 

In Table Y. f^^ and in Table IV. Ao» have been calculated 
from Gordon's formula, so that if P is the boiler pressure, 
D the diameter of the high-pressure cylinder, and d^ I the 
mean diameter and length of the rod in Table V., 

'^ d'' \ 2250 c^2/ 
and in Table IV., 

P-D2 



*^^*^" A i^^h^S) 



where h h are breadth and depth of rod at centre. 

In the columns in Table V. marked U.S N., the stress is 
slightly underestimated, as the rods, to save weight, are 
planed at the sides after turning, so that the width is 
reduced to that at the small end. This will not make 
much difference at the centre in the resistance to direct 
crushing, and far less in the resistance to bending, which 
depends on the moment of inertia of the section. 

We can now show how to design a connecting rod for a 
marine engine. It will be best to take a numerical 
example. Let the pressure be 1601b., diameter of high- 
pressure cylinder 20 in., length of rod 72 in., and diameter of 
crank pin 10 in. The length m of the bearing surface of 
the brasses may be calculated by assuming p from 520 
to 550) where p is the pressure per square inch of bearing 
surface. 

5m 
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pm/^ W 

_ 60200 
10 p 

= 9 66 to 915 in. 

Let m =s 9 J in. 

Then /> -- 640 lb. 

Let the stress in the two bolts be 5,0001b., and A be the 
sectional area at the bottom of the thread ; then — 

10000 A « W = 50200. 

A = 5-02. 

The valne of A for a 2| in. bolt is 4*4637, and for a 3 in. 
bolt is 5*449. The mean ot these, 4 966, will therefore be the 
section of a 2^ in. bolt, which will make the stress a trifle 
over 5,000 lb. The pitch of the bolts is — 

where x — thickness of brasses or packing piece between pin 
and bolt, 

= 1^8 in. for a 12^ in. pin. 

^ in. for a 9J in. pin. 

I in. for a 6^ in. and 4 in. pili. 

Here, then, 2 x will be 1 in., and 

. d = 13J. 

The diameter H of the small end of the rod is giyen by 

/i 
where P = boiler pressure = 160 lb. 

D = cylinder diameter = 20 in. 

and A may be taken between 2,300 and 2,800 ; if A = 2,600, 

H « / 160 X 20'-^ 
J 2600 
= 6 in. very nearly. 

The diameter Hi at the centre may be calculated from 
Gordon's formula, 

f ,PDVi. ^L" \ 
^2 Hi2 V^ ^ 2250 Hi V 

where L is the length of rod. 
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This may be thrown into the form — 

A . Hi* - PD« Hi" - 2^ L^ P D^ = O 

H,»,PD.. ^ ^^2250^'PD^ 



(l + yi + 21-3/^,) 



6000 

if A = 3000. 

It is easy to manage the above formula uoith a dide rtUey 
although there are two square roots to be worked out. 

Hi = 6*32. 
Then, since H = 5, 

h = 5*64 » 5g in., 

because the rod is conical. 

There is no fixed rule for k. In Table YI. the values of 
klh are 116, IS?, 1125, 14, 1-26, 12, 1*05, and 1*6. Suppose 
k/h is 115 in this case, then k will be 6^ in. 

To calculate c, assume f^ » 7500 ; then 



^ JW {d- h) 



J 



5000 A; 
= 3 57 = 3f, say. 
To calculate (X, assume 

fs = 7500 

a= IWJ_ 

Viooo^ 

= 329 in. =F 3J in. very nearly. 

The dimension b can be taken from Table YI. The nearest 
diameter of crank pin to the one we are considering is 9 J ia, 
and for this b = 13^ in., so that in this case we may make 

b = 13f. 

The white metal strips may be taken from the same 
column. They will be six in number, each jt in. thick, 3 in. 
broad outside, and 3g in. inside the brasses. They may stand 
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out I in* from the brasses, and may be held more firmly in 
the brasses by a dovetail at^ the back, | in. thick, increasing 
in breadth from 1^ in. to 1^ in. 

In stationary engines we frequently find connecting rods 
enlarged in the middle. A few examples are given in 



Table IX. 



Type 

H.P. cylinder 

L.P. cylinder , 

Staroke , 

Boiler pressure 

Length of rod 

Diameter at small end. 
Diameter at middle . . . 
Diameter at large end . 



/. 



Max. pressure H.P.C 

Max. pressure L. P.C 




H.8. 

82 

60 

84 

100c 

210 

7 

H 

2080 

2120 

1810 

77 

23 



* Cranks at right angles. f Tandem. 
H.S. =s horizontal stationary. 

Table IX. The greatest possible load has been taken in 
each case for calculatinfic the stresses /i at the small end, 
/a at the large end, and/2 ^^ ^^^ centre, which last has been 
obtained by Gordon's formula. 
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CHAPTER X. 

Piston Rods. 

Gordon's formula may be used for calculating the diameter 
of a piston rod. In some cases it may be treated as if it is 
iixed at both ends in the direction of the load, a marine- 
engine rod being an example of this, and in others as if it is 
fixed at one end, and at the other merely guided in the 
direction of the load. Figs. 59 and 61 illastrate these two 
cases. The piston end is the fixed end, while the crosshead 
end may only famish a pin joint, as in the case of the loco- 
motive crosshead, fig. 52. 
In the former case, if /2 is the stress in the rod, 

and in the latter 

f =p^L(i + J^ il\ 

•^^ d'^ \ 112b a^ J 

In engines for warships ^2 ^^^J ^^ ^^ high as 4,500 lb., but 
in the mercantile marine we have found it as low as 2,200 lb., 
and rarely more than 3,000 lb. The stress /i in the screwed 
end (Table X.) may lie between 7,000 and 8,500 lb. for war- 
ships, while in the mercantile marine it does not much 
exceeed 5,000 lb., and is usually less. 

In Table X., U.S.N, refers to cruisers in the United States 
Navy, all triple-expansion engines ; H.M.S. to the same in 
the British Navy ; M.T., M.C. are marine triples and com- 
pounds ; H.S. stands for horizontal stationary engines ; 
L. for locomotives, and Y.P. for vertical pumping engines ; 
H.T.S. for horizontal triple-expansion stationary engine, 
and P. for portable engine. The letter c against the boiler 
pressure means that the engine is a simple condensing 
engine, and 12 lb. is added to tiie pressure in calculating the 
stresse& Where the latter equation for ^2 must be used, the 
mark t has been placed against the diameter of the piston 
rod. In the line '' Length and breadth of shoe," if there are 
two side blocks, twice the width of one has been given. No 
one has yet given any satisfactory rule for calculating the 
sizes of these, and experience is our only guide. If the rod 
is fixed at both ends in the direction of the load, its length 
\ is measured from the point where it leaves the piston to the 
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point where it enters or is forged to the crosshead ; if there 
IS a pin joint, as in fig. 6L its leogth ia from the piston to 
the centre of this ioint. In the marine engines given in the 




table, the oonnectiog rod ig about twice the stroke, and in 
the locomotivea abont three times ; the lengths have been 
given for the remainder. 

In figa 63 and 64 two forms of marine croasheads are 
shown snitable to the connecting rod ends in figs. 57 and 58. 
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CHAPTER XL 

Stbessbs Caused by Bending combined with 
Tension ob Compbession. 

Suppose a force P acts parallel to a rod BC, fig. 65, then 
two equal and opposite forces P may be placed at C, as 
shown, without causing any alteration. We therefore have 
a couple P r and a force P acting on the section at B, whose 
moduli are Tit Ze for tension and compression and area A. 
Then the stress caused by the direct pull on the section is 

•^^ A' 
and the two stresses caused by bending are ft fe, where 



ft 



Tr 
Zt 



fc^ 



Pr 



The total tensile stress is therefore fi + ft at the right 
hand, and the total compressive stress is /c - A* I^ ^S- ^ 



p 



Y-. 



Bi 



Pio. 65. 





Via. 66. 



Fig. 67. 



the action that takes place is shown graphically. It 
depends pn the form of the section whether the tensile or 
compressive stress is the greater. 
If the forces in fig. 65 are reversed, then 

Pt* Pt* 

fe = 2" and ^* '^ z^ » 

p 
but fi is greater than ^ , because the rod is in compression, 

and must be calculated by Gordon's formula. 



WITH TENSION OR COMPRESSION. 75 

If at any section of any part of a machine there is a 
bending moment M, and a longitudinal pull P, acting 
through the centre of area of the section, then the stresses 
are 

7 2 = T- + ^- 11^ tension, 
A lit 

A ^ M P. 

and /g « ^- — — m compression. 

Ikc A 

If P is compressive, and /i is the stress calculated by 
Gordon's formula, then 

/2 = ^ - /i in tension, 



Z 



t 



/j = __ + /j in compression. 



Z 



le 



The following are numerical examples of the above 
equations : — 

Example /.—A T piece of iron, fig. 67, is subjected to a 
longitudinal puU, which passes through the centre of depth 
of the web. Determine the ratio of the greatest stress to 
that which would be obtained if the line of action of the 
pull passed through the centre of area of the T section. 

It may be easily shown that the centre of area g is 2| in. 
from the end of the web, so that the moment of the pull P 
ia T . gh where gr A = | in. 

The greatest tensile stress will evidently be greater than 
the compressive, and will be at the end of the web. Also 
Zt = 2*2 inch-units ; 






If P had acted through the centre of area of the section, the 
stress would have been 

P-P 

A ""a* 

The ratio required is therefore 2 022. 

Example II. — A steel stay for a marine boiler is 19 ft. 
2 in. long and Sin. diameter. The pressure is 1601b. per 
square inch, and the area supported by the stay is 306 
square inches at each end. It is held to the end plate by 
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nnts, with washers inside and outside. To find the stress in 

the stay, its weight per cubic inch being '291b., and the 

sectional area at the bottom of the thread being 5*45 square 

inches, and its diameter 2 635 in. 

We must here consider two possible cases. Firstly, we 

may treat the stay as a beam fixed horizontally at both ends, 

and, secondly, as a beam merely supported at both ends. 

The greater stress should then be allowed for. In the first 

WZ 
case the bending moment at the screwed end is — — , where 

W is the weight and I the length of stay. 

^ ^ WZ ^ 7854 X 3^ X 230 x '29 x 230 
12 12 

471-5 X 230 _ ^^3g.g inch-pounds. 



12 



w 



Z « ^ X (2635)3 

. M 9036 6 X 32 r^r^ . , , 
^' = Z " . X (2 635)^ = ^^^^' ^^ ""^^"^ '^"^^""• 

f ^V_^ 160 X 306 ^ ggg3 
A 545 

. ./2 - 5 + 2" 

= 5050 + 8983 = 14033 lb. 

In the second case the greatest moment would be at the 
centre. 

M = ^ = 13555 

o 

Z = '^ ^ — = 2-67 
32 

ft = Ip^ = 6062 
2-67 

•^^ A^ •7«54 X 9 
= 6926 
.-./a = 6926 + 5062 = 119881b. 

So that 14,033 lb. is the greatest possible stress. 
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The Board of Trade allow 9,000 lb. per square inch stress, 
and neglect the effect of bending, which appears, however, 
from the above case to increase it considerably. 

Example III. — A locomotive coupling rod is 7 ft. 9 in. 
between centres; it is of uniform section, 3jin. deep and 
Ig in. broad. The crank is 12 in., and the revolutions 200 per 
minute. It is of wrought iron, and weighs '28 lb. per cubic 
inc£i. Find the total stress when it is in its lowest position 
and in compression, the force it transmits being 16,500 lb. 

We have assumed that it transmits half the pressure of 
one piston, which is calculated thus: Boiler pressure 150, 
back pressure 4 lb, diameter of cylinder 17 in., give whole 
pressure on piston 33,000 lb., in round numbers. This is 
probably somewhat more than it would have to bear at 
200 revolutions, because the cut-off would be before half 
stroka The greatest bending stress comes on the rod when 



t to I 1*12 

' H j U U U I 8- A^^ ^ 



^. ,500 ^ 

K-I32-H i 



^. 



Fia. 68. Fio. 69. 



at its lowest position, because the motion of each point 
relative to the engine is a circle, and the centrifugal force 
is acting downwards (fig. 68), at right angles to AB, and 
the bending is also slightly increased by the weight of the 
rod itself. Let Y be the velocity of each point on the rod, 
W its weight, and r the crank radius in feet ; then the bend- 
ing moment at the centre caused by this uniform load is 



(w 



<y^ ^ inch-pounds, 



8 

where Z = A B in inches. 
Let &, h be breadth and depth of the rod ; then 

\ or / 



/c = 



8x -- 



78 



STBESSES DUE TO BENDING, 



'28 bh I + 






2> 



gr 



'6 



/« 



= -21 V (1 + 00034 r N2) = 7060 inch-pounds. 

It will be noticed that the breadth of the rod does not 
affect the bending stress, becanse, although it increases the 
strength, it also increases the load to the same extent. To 
find /*!, we use Gordon's formula — 



^''-bJV'^^^ 



where 



.•.A = 



c = 9000, n « tV ; 
16500 



( 



1 + 



93« X 12 



1 376 X 3 75 V" " 9000 x 3 
3200 X 1-82 = 5820 ; 
6820 + 7060 - 12880. 
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Example IV. — Fig. 69a shows a wall crane carrying 1| 
ton; AB, the jib, has a section whose area is 11^ square 
inches, and moment of inertia 33 in. units ; while the 
distances from the top and bottom of the section to the 




Fio. 69a. 



centre of area are 2| in. and 3| in. respectively. The monkey, 
or traveller, that carries the load has its two axles 12 in. 
apart. 
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Find the position of load that will cause the maximum 
bending moment on the jib A B, and find the tensile and 
compressive stresses when it is in this position. 

40 11 

We have already shown that maximum bending is 
produced when one pair of wheels is placed at a distance 
from the centre of the beam equal to one quarter of the 
distance apart of the axles. 

The stresses in the straight parfc of AB will not be 
altered if we replace the curve B D by the two straight lines 
B E, D E, so that the beam we have to deal with is shown 
in fig. 69, the dimensions being given in elevenths of an 
inch. The left wheel is placed 3 in. from the centre, as this 
brings the load nearer E, and the force at E must therefore 
be greater than it would be if the right wheel were 3 in. 
from the centre. This will increase the compressive stress, 
but decrease the tensile stress, which latter would be greater 
if the right wheel were nearer the centre. 

The reaction at E is 

and the horizontal component of the stress in C D is 

P = -783 X ^^^ = 214 tons. 
44 

The vertical force Fi at A is *717 ton, so that the bending 
moment at the left wheel is 

M = -717 X ^ = 46-75 inch-tons 
11 

Z, = ^ - 8 8 

The bending stresses are 

- M 46-75 >.oo 

/,=. M = ^ - 3-9. nearly. 
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The total tensile stresH is therefore 

f2^ft'fi= 5-32 - 186 = 5134 tons, 
and the compressive stress is 

f^^fc + fj^=. 3-9 + 186 = 4086 tons. 

Strictly speaking, we should have applied Grashof's or 
Gordon's formula to find/i, as the stress is compressive. 





Fia. 70. 



The jib must be treated as if it has pin points at both ends, 
and the moment of inertia must be taken about a horizontal 



axis. 



Supposing the section of the shank of the bolt, fig. 70, is 
a rectangle a x d, and the line of action of the force exerted 
on the hooked head to be as shown in the figure, determine 
the ratio of the greatest stress in the shank to the mean 
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stress on the screwed portion of the bolt at the bottom on 
the thread in terms of a and d^ and determine the ratio of a 
to d for uniformity of strength. 
Let P be the force, 



4 




J , a\ r da^ 




, d a _^dnr- _ 2 

•'32 ^TTd'^ 37r* 


d 


.-. c?2 j^ ^ad - -6375 02 = 


0. 


d = -345 a. 





Within certain limits, the looseness of the fit of a piston in 
its cylinder, and the sides of the guide block in the guides, 
will permit the ends of the^ piston rod to undergo free 
angular deviation from the originally straight axis, so that, 
within these limits, a piston rod under compression should 
be considered as in the condition of a pillar freely jointed 
at its ends. Suppose the ordinates of the deviation curve 
to be proportional to a curve of sines of angles from to t, 
show that at the limit, when the ends of the rod are 
restrained from further angular deviation. 



Pi 



IT 



' L '~d' 



Where PqVA the intensity of the uniform compressive stress 
due to the pressure on the piston, p^ is the increase of stress 
due to lateral bending, L is the length of the piston rod, 
I is the length of the guide-block surface or depth of piston 
where it fits the cylinder, and v is the amount of the loose- 
ness of fit of the piston in the cylinder, or side of guide 
block in the guides. 

In a curve of sines, let 

X IT 

^ = m sin ,- ; 

Ju 

then 1 L 

y = m when x = 



2 ' 



dy mT X IT 

ax L L 

6m 
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Hence the tangent of Inclination of the curve to the axis of 
X when a? ■> o ib 



( d y \ ^JfTi'j^ 
d x/ Q L * 



Now, it is evident that this is j- ; 






I L 

I, IT 

Now, if F is the load on the piston, 



and 



PQ-^d- m 

\ p"- = ^-^ 

'^ d-' 
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CHAPTER XII. 

Shafting. 

If a couple T, fig. 71, act at right angles to the axis of a 
shaft, it produces torsion. If fig. 72 be any section, and a 
ring of small thickness t and mean radius r be taken, there 
is a shearing stress per square inch in this ring equal to kr 
where h is some constant, and therefore the total moment 
of the stresses in this ring about the axis of the shaft is 

kr ,2irrt ,r , = 2irkr^ U 

The moment of all the stresses on the section is therefore 
'^2vkr^U the symbol ^ meaning the summation of the 
moments of all the rings, and this must equal T. 



(2 



h 



■"frr 





Fig. 71. 



Fio. 72. 



Fig. 73. 



.-. T = 2rrk^r^t 



fr. 



2 2 ' 

because kvi = /, the shearing stress at the outer radius r^ ; 

.-. T = -^j^^ = 196/(^3 • 

if c^ = the diameter of shaft. 
If the shaft be hollow and the internal radius be r2, then 

2 2 rj ^ ^ ' 



16 



d. 



where did 2 are the external and internal diameters. 

The above values of / are given by Professor Unwin in 
<^The Elements of Machine Design," Part L, page 209. 
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Wohler and others have shown by experiments that the 
safe working stress allowed in materials depends greatly on 

WoBKiNG Stresses in Shafting. 



Working stress. 



Steel. 



Wrought Iron. Cast iron. 



Strofis changing little during work,i 
and not reversing 

Part of the stress reversing at each { 
revolution 

Stress constantly changing between 



equal and opposite values 



13,&00 
9,000 
4,500 



9,000 
6,000 
3,000 



3,603 
2,400 
1,200 



the range of stress as well' as on its magnitude, for which 
reason we have the three divisions in the above tabla 

Now, if we consider a very small rectangular particle 
A B C D, fig. 73, forming part of the shaft, with a shearing 
stress f per square inch on the sides B C and A D in 
opposite directions, and if t be the very small thickness of 




yj^Nc p 








Pio. 74. 



Fio. 75. 



the particle perpendicular to the paper, then these^ stresses 
produce a couple, / B C . ^ . A B. To obtain equilibrium 
there must therefore be shearing stresses/^ per square inch 
on A B and C D, such that 

/^AB.^.BC =/.BC.AB; ' 

Shearing stress on one plane must therefore produce, or be 
accompanied by, an equal stress on a plane at right angles. 

Next, by taking a particle, fig. 74, having A B and B C 
equal, and A B C a right angle, it is clear that there can 
be no shearing stress on A C, but that the resultant of the 
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stress must pass through B, and is at right angles to A C. 
Let this stress be /i, then 

and is compressive. Similarly the stress on B D is tensile, 
so that a shearing stress prodnces two normal stresses on 
planes at 45 deg. to the plane of shearing, these being equal 
in magnitude, but opposite in sign. 

If ty fig. 75, represents the end view of a cylindrical shaft 
upon which a couple acts, and which is fixed at the other 
end /, and if spirals at an inclination of 45 deg. to the axis 
be traced on its surface, then there will be a compressive 
stress perpendicular to the right-hand spirals, such as dcy 
and a tensile stress perpendicular to the left-hand spirals, 
as shown by the arrows ; or, to look at it in another manner, 
if the shaft were made up of a number of spirals of wire 
such as c d^ the stress in these will be tensile ; but if the 
twisting moment were reversed, the direction of the spiral 
would also have to be reversed, or the wires would be 
unable to transmit the torsion. If the reader will twist a 
handkerchief, he will obtain an example of what we have 
proved above. 

Horse Power Transmitted by Shaft. 

If a couple T inch-pounds makes N rotations per minute, 
the horse power is 

TT -p ^7r,i..JN. 

* V~ 12 X 33UUU' 
andT = -^/ci3 

. HP = 3l_^fJl^ 
' ' ' • 12 X 16 X 33000 

d^ = 321000 . Ji^ . 

/ . N . 

If the twisting moment varies, the stress allowed depends 
on its maximum value Ti, and also on its range of variation ; 
so that if 

Ti =^T 

where T is the mean twisting moment, 

d^ = 321000 ^^^-5^ . 

For hollow shafts replace d^ hj 

d^^ - d^^ 

di 
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Shafts subject to Torsion and Bending or Torsion. 

We rarely find a shaft that is subject to torsion alone ; in 
addition, we frequently find stresses caused by bending ; 
when this is the case, the subject may be treated as follows : 

Let CAB, fig. 76, represent a small triangular plate of 




Fjg 76. 

thickness t, and let the shearing stresses on C A, A B be/, 
and the normal stress on A B be /^ ; we shall show that by 
choosing a suitable value of B the stress /2 on C B will be 
wholly normal ; for if D E are the middle points of C B, B A, 
the resultant of the 3hearing stresses will act along A D, and 
the resultant of the normal stress on A B will act along D E. 
Let /s be the shearing stress along C B ; then, resolving 
along CB, 

/gCB =/.(CAco8^ - ABsin^) - A ABcos^ 

/3 = / (cos^ - sin'^ 0) - /i sin cos 0. 

If /s be zero, then 

which will give two values of differing by 90 deg., so that 
there are two planes at right angles upon which the stress 
is wholly normal ; resolving parallel to C A, 

/aCBsin^ =/i. AB - /.CA. 



•./2 sin^ =/i sin^ -/ 



cos 0. 
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Agaio, resolving parallel to A B, 

/gCBcos^? =/AB. 

. • . /2 cos ^ = - / sin ^ 
and (/2 - /i) sin ^ = - / cos B 

• '•/2 1/2 ~ y 1) ~ /2 

Suppose, now, that this particle is at the snrface of a 
shaft subjected to bending and torsion, C A being parallel 
to the axis of the shaft, and suppose the point so chosen 
that/] is the greatest tensile stress due to bending ; if, for 
example, the shaft is on two supports and loaded at the 
centre, tnen the lowest point of the central section will be 
referred to : then 

. _ M 
•^1 — H- 

where M = the bending moment 

T 



y = 



16 



We need only consider the greater value, and, if 

then Te = M + JU^+W; 

Te being called the twisting moment that is equivalent to 
the twisting moment.T and bending moment M combined, 
because, acting alone, it would produce the same stress. If 
Me is the equival<>nt bending mompnt. 

Me = J (M + 7m^ + i-). 

These formulae are only true for circular sections. We 
mention this, as we have seen them used for rectangular 
sections. 

Next, let us suppose the shaft subject to a tensile stress 
/i, so that the force P acting on it is 

and that there is no bending. 
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Then 



A = ^ A =t 4 v//i-^+4/^ 



= i 



-(^2 






If tension, bending, and torsion act together, then 

and /,.^IL + JL. 

4 32 



Mabink-enginb Shafts. 



We have shown above that 

d^ = 321000 -^-V?:,^', 

where HP. is the horse power, N the nnmber of revolations 
per minute, and k the ratio of maximum to mean twisting 
moment. It is customary to use a formula obtained from 
the above, although the shaft may be subject to stresses due 
to bending and other causes. We may write — 

where K is a constant for a given type of marine engina 

In Seaton's '* Manual of Marine Eogiueering," the following 
values of K are given : — 



Type of engine. 


K for crank. 

130 
100 

90 

85 


K for tunnel. 


Single-crank, two-cylinder 


110 


Two-crank, two-cvlfnder coih pound 


85 


Three-crank, three-cylinder compound 

Three-crank, triple-expansion 


78 

74 







The following table gisres the diameters of crank shafts 
of mercantile marine engines, with corresponding values 
of K. 
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Shafting of Mercantile Marine Engines. 



Diameters of 
cylinders. 



5J, 8A, 14 

8, 13, 21 

14, 22, :}6 

19, 30, 49 

19J, 32^, 53 . . . 

20, 33, ot 

21, 35, 57 

25J, 42, 68 

27,45,71 

34, 56, 90 

34 J, 57J, 92 . . . 

44, 63, 95 

38, 61^, 100 .. . 

37,61,98* 

43, 66, 92 

43f , 67, 106i . . . 

45, 71,113 

37, 79, 98 

32, 46J, 64^, 02 . 

9, 9, 18,82 

18,26, 36,52... 
37, 61, 71, 71. . . 

15|, 22, 44 

51, 86 

26,48 

36,70 

76,120 

57i, 90J 

32,62 

60, 85, So 

63, 80, 80 

62, 90, 90 

72, 100, 100 . . . 

Three 85|'b ) 
Three 74 J ) • ' • 



Stroke. 



8 
16 
24 
36 
36 

39 
4a 
48 
60 
60 
45 
66 
60 
66 
63 
60 
69 
60 
22 
39 
60 

33 

42 
36 
48 
.60 
48 
42 
60 
60 
66 
78 

67 



Boiler 
press're 

160 
160 
160 
160 
150 
150 
160 
150 
150 
150 
170 
125 
155 
160 
150 
150 
150 
165 
180 
150 
180 
160 

150 

60 
80 
90 
60 
60 
90 

75 
86 
90 

60 



d. 



4 

61 
10 
10^ 
lOi 

Hi 

13 
18J 

in 

.17i 
18 
18i 
18-9 
19i 
19i 
20i 
26 
18 
5} 

iii 

19 

Si 
13i 

H 

13 
22 
15J 
11 



I.H.P. 



30 

147 

907 

1049 

750 

899-4 

909 

1672 

1752 

4000 

5888 

6400 

• • 

6148 

7010 

8364 

10600 

5080 

350 

1184 

3400 

618 

1579 
700 
1536 
3430 
1977 
927 



N. 



20 


6020 


21 


5500 


22i 


6806 


25 


10850 


238 


8006 



380 
170 
184 
98 
78 
70 
61 
67 
62 

• • 

80 



75 
67i 
91 
89 

• • 

70-2 
120 

68i 

62 

76 

60 
88 
72 



55 



60 
62 
85 
64 
55 
53 

63 



K. 



Tjpe. 



93-6 
99-5 
103 
170 

112 
88 7 

112 

112 
99-5 
79-6 

103 



85-6 


T 


74 


T 


62-3 


T 


93-25 


T 


112-8 


T 


90-6 


T 


102 


T 


88 


T 


87 


T 


• • 


T 


73-4 


T 




T 


• • 


T. 


82-2 


T 


71-7 


T. 


80-6 


T 


69-5 


T 


• • 


T 


80 


Q.t. 


130-4 


D.T.t. 


94-1 


Q.t. 


125 


T.t. 




semi- 


82-6 


tandem 




triple. 



c 

c 

c 

c 

c 

c 

c, 

c. 

C| 
C| 
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In the table T stands for triple-expansion engine, with 
three oranks at 120 deg. ; C for compound, with cranks at 
90 deg. ; D.T.^. for disconnective triple tandem, each pair of 
cylinders having separative crank and tunnel shafts ; Q t 
for (luadruple timdem ; T.^ for triple tandem ; Ci for three 
or six cylinder compound, with three cranks at 120. Hollow 



Hollow Shafting. 





Boiler 
pressure. 

150 


rf, 


Oi 


I. HP. 


N 


K 


m 


(.Cylinders. 


Stroke. 


H.M.H 


n 


• « 


• • 




•66 


27, 40J, 60 


27 


U.S.N 


160 


lOJ 


6 


2-100 


150 


78'6 


•40 


25, 36, 50 


86 


H.M.s}. •• . . 


160 


UJ 


^>i 


8908 


165-8 


69 '5 


•60 


30i, 40, 08 


38 


jitBL a 


130 


12 


6 


8000 


135 


76 


•42 


80, 44, 08 


86 


U.B.2*« • • . • 


160 


18 


4 


4000 


182 


68-75 


■81 


.".O.i, 07, 88 


36 


U.8.N 


160 


18i 


6 


4000 


129 


76 


•44 


82, 46, 70 


42 


U.S.N 


160 


14 


6 


4000 


129 


76 


•48 


34i, 48, 76 


42 


U.S.N 


160 


16 


n 


6750 


129 


74-0 


•47 


42, 09, 92 


42 


XI. M.S. .... 


185 


16 


8 


6000 


90 


60-7 


•0 


43, O'J, 96 


01 


U.S.N. . . . 


160 


17 


n 


8000 


120 


76 


•41 


* 


* 


U.S.N 


160 


9 


s 


1500 


150 


72 


•33 


19={,301,:>2:1 


30 


U.S.N 


160 


11 


4 


2700 


100 


7.' 6 


•303 


27, 41, 04 


80 


U.S.N 


160 


18^ 


6 


5000 


164 


72 


-44 


J6, 0:5, 07, 67 


33 


U.S.N 


160 


10 





2700 


IKO 


64-2 


•0 


2(ii, 89, 03 


26 


U.S.N. ..,. 


160 


12i 


<( 


8760 


150 


74-1 


•4S 


31 i, 40,70 


30 


U.S.N 


160 


7 


H 


800 


200 


80*4 


'.'» 


153, 22A, 30 


24 


U.S.N 


IOC 


ft" 


8 


050 


240 


75 


-5 


13A, 21, 31 


20 



* This shaft transmits the power of two sots of eDgines, each having cylinders 
82 in., 46 in., 70 in., and 42 in. stroke. 

shafting is very rarely used in the mercantile marine, on 
account of the additional expense, but in the navies of this 
and other countries it is the rule. If dijd2he the external 
and internal diameters, and if 

»i 
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then d,^--d^^ = c?i 3 (1 - m*) 

and ^d^^ - d^^ ^ dy^ {1 - m^) ) 

so that if m = i 

the reduction in weight is 25 per cent, and in strength is 
only 6^ per cent ; weight for weight, then, a hollow shaft 
is stronger than a solid. For the navy hollow shafting ia 
made of fluid-compressed steel Its additional strength 
may be judged from the values of K in the foregoing table^ 
in which H.M.S. stands for the English navy, and U.S.N. 
for that of the United States. The engines are in all 
cases, except one with four cranks, triple-expansion, with 
three cranks at 120 deg., and 

Lloyd's Rules for Crank Shafts (1892). 
For compound engines with two cranks at right angles — 

d = (-04 A + OCeD + 028) x If^. 

For triple-expansion engines with three cranks at equal 
angles — 

d = (-038 A + '009 B -h 002 D + '0165 S) x V^ 

For quadra pie-expansion engines with two cranks at 
right angles — 

d = (034 A + -Oil B -h -0040 + 0014 D + '016 S x ^p; 
For quadruple-expansion engines with three cranks — 

d = (-028 A + •014B + '0060 x '0017 D -H '015 S) x ^ R 
For quadruple-expansion engines with four cranks — 
d = (•033A -I- -OIB -I- 0040 -I- -00130 -h 0155 8) x \l~¥l 

Where A = diameter of high-pressure cylinder in inches. 
B = diameter of first intermediate in inchesl 
C = diameter of second intermediate in inches. 
D = diameter of low-pressure cylinder in inches. 
S = stroke in inches. 

F = boiler pressure above atmosphere in pounds per 
square inch. 

The screw shaft is to be the same diameter as is required 
for the crank shaft. 
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Intermediate shafting should be at least '95 of the diameter 
of the crank shaft 

Note. — The rules are intended to apply to two-cylinder 
compound engines, in which the ratio of areas of low to high 
pressure cylinders does not exceed 4'5 to 1 ; for triple- 
expansion engines when the ratio does not exceed 9 to 1 ; 
for quadruple- expansion engines when the ratio does not 
exceed 12 to 1 ; and when the length of stroke is not less 
than half the diameter, or not greater than the diameter of 
the low-pressure cylinder. 



Board of Trade Rules for Shafts. 
Diameter of shaft. 



r 
( 

I 
+ 






F 



■I" 



1- 



•-P - 



-f- L — 






I 



~B-C 



3 




Fig. 77. 

C = half the stroke in inches. 
P = absolute pressure in the boiler. 
d^ ^ square of diameter of high-pressure cylinder in 
inches, or sum of squares of diameters if there are 
several. 
D^ = a similar quantity for the low-pressure cylinder or 
cylinders. 
/ = a constant from the following table. 

When there is only one crank the constants applicable are 
those opposite 180 deg., and for paddle engines the above 
■constants are multiplied by 1*4. In most cases it will be 
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found that shafts are larger than those obtained by the 
above rules. 

In the mercantile marine, boilt-np crank shafts are 
generally used in preference to solid shafts, as, although 
heavier, they are more reliable. The faults of cranks forged 
in one piece are weakness at the junction of shaft or pin 
and web, flaws in the web, and scan ends in the pin.* One 
form of built-up crank is shown in fig. 77. The webs are 
held to the parts of the shaf b by pins or keys, the former 
being more usual The crank pin is also held to the web by 



For two cranks. 
Angle betwden cranks. 


For crank and propeller 
shafts. 


For tunnel shafts. 


Degs. 
90 


1,047 


1,221 


100 


966 


1,128 


lie 


904 


1,055 


120 


855 


997 


ISO 


817 


953 


140 


788 


919 


150 


766 


894 


160 


751 


877 


170 


743 


867 


180 


740 


864 


For three cranks. 






120 


1,110 


1,295 



a small pin at each end. The latter are usually smaller than 
the former, although there is a considerable amount of 
torsion on the after crank pin. The methods of shrinking 
the five parts together are as follow : A sort of Bunsen 
burner, fig. 78, supplied with gas and air, is placed in one 
eye of a web, and when the heat has sufEiciently expanded 
it the large end of the shaft is placed in the hole ; after 
cooling, the hole for the pin is drilled, and it is driven in by 
a hammer. If key-ways have been cut in shaft and web. 



^See a paper on the "Forging of Crank Shafts" in the Proceedings of the 
Mechanic^ Engineers, 1879. 
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Foster's, Dickinson's, and 



care most be taken to bring the two together. When both 
webs have been treated in this way, the two parts of the 
shaft are bolted on V blocks and carefully aligned ; the eyes 
for the crank pin are next got in line, and are heated 
together, and the pin is then drawn through until it is in 



J \ 
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Pio. 78. 

place. Another method is to shrink shafts and webs 
together as before ; the pin is next shrunk into one web, 
and the three parts are then bolted down on a table. The 
remaining eye of the other web is next heated and placed on 
the other end of the pin, and the web is pulled round until 
it touches the table. As both webs have been slotted to 
exactly the same size, and as the first part of the shaft and 
the pin are bolted down with their axes horizontal, the web 
being slightly raised at the pin end and touching the table 
at the shaft end, the two parts of the shaft are thus brought 
into line. The pin is finished before shrinking, the slu^ft 
afterwards. The table on next page gives dimensions of 
these cranks from practice. 

The following rules give proportional dimensions : — ' 

I = -63 to -77 D. 

c? = 105 to 10-6 D = c?!. 

P B D, occasionally a little mora 

A = 1-85 to 208 D. 

B « 1-76 to 1-94 D. 

C = 1-3 to 1-68 D. 

Foster's crank shaft is in three parts, two of which form 
the shafts and the third the pin and webs. This last is of 
mild cast steel ; the ends of each part of the shaft are 
enlarged, and the three parts are shrunk together. Keys 
are also used, as in fig. 77. 



FOWNBS' PATENT CRANK SHAFTS. 



95 



Dickinson's crank is also in three parts, similar to the 
above, excepting that the webs are bolted to flanges formed 
oa the two parts of the shaft, these flanges being sunk into 
the webs. 

The length L of the crank pin may be calculated as 
follows : Let p be the boiler pressure and (^2 ^^® diameter of 
the H.P. cylinder ; then 

j^ _ pd^ X -7854 
where ^1 is from 400 to 600, and may be taken as 500 with 



D. 



P. 



tZ|. 



I. 



Hi 

12i 
12J 

12i 
13 
14 
141 

15 

16J 

18 

18-9 

19i 

23 

25* 



in 

12| 

12J 

13 

13 

14i 

15 

15 

17 

18 

20-5 

20i 

23 

26* 



101 


10| 


12i 


12i 


12J 


13 


13i 


12i 


13 


18 


13i 


13| 


m 


14J 



A. 



15 

15i 

17 

19i 

20 

20t 

21i 

27' 



15 

15 

17 

18 

20-5 

20i 

24 

28* 



6i 
7i 
8 

8g 

8g 
10 
10 
11 
10 
12 
12} 
13-8 
14 
17 
18 



19| 

21i 

24 

26 

25 

25 

26 

29} 

29 

32 

31 

39 

40 

43} 

45 



B. 



C. 



19} 

20} 

24} 

22} 

25 

24 

26 

29} 

29 

32 

31 

39 

40 

42 

45 



15 

15i 

19} 

17 

19| 

19 

20 

29} 

29 

32 

25} 

81-4 

33} 

31 

45 



K. 



2} pin 
3x2 
2} pin 

2} pin 
2} X 1| 
2} pin 
2} pin 
2} pin 
2} pin 



T. 



6x4 



18 

21 

21 

24 

22} 

24 

24 

27 

24 

30 

30 

30 

31} 

36 

36 



* Hollow ; internal diameters 14, 12, 12, 12 respectively.- 

advantage, so that the pressure per square inch on the pin 
is»i. 

Fownes' patent is shown in fig. 79, the dotted portion of 
the right-hand figure showing the quantity of web saved. 
The parts of the pin shrunk into the webs are eccentric to 
the central portion. It is said to occupy no more space than 
the ordinary solid shaft 
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Numerical Examples on Shafting. 

Example L — A hollow steel shaft replaces a solid shaft of 
wrought iron of the same diameter. The stress that the 
steel can safely bear is 35 per cent more than the stress in 
the wrooght-iron shaft They have the same strength to 
resist torsion. Find the internal diameter of the former, 
and the saving of weight, neglecting the couplings. 

Let 1^— -f where dy_ dz are the external and internal 
diameters. Since they are of equal strength, 





Fig. 79. 



where /, /i are the stresses in the wrought-iron and steel 
shafts. But/i = 1-35/. 

.\dj_^ = 1-35 c^i 3(1 - r)i^) 

1 



m* = 1 - 
m = 71. 



135 



The percentage saving of weight is 

100 






Example I L—CompB.re the weight of shafting in a twin 
with that in a single-screw ship, neglecting the couplings. 
The lengths of shafts and horse powers transmitted are the 
same. The number of revolutions of each of the shafts in 
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the twin-screw ship is 1^ that of the single screw, and the 
ratios of maximum to mean twisting moment of all three 
engines are equal. 

. Ldt D == diameter of single shaft 
d = diameters of twins 



ThenD= ^/— J^' 

d = 3 / K. H.K ^ 3 / K. H.P . 

l/l'2b X 2N. J 25N. 

where N = the number of revolutions per minute of single 
shaft. 

.-.-gj =1095, 

which is the ratio required. 

Example IIL — The outline of an overhung crank is shown 
in fig. 80, and P acts at right angles to the plane of th^^ 
paper. Find the diameter of the shaft at the journal if P 
is 40,000 lb. and the stress allowed is 5,000 lb. 

It is usual, although not strictly correct, to take the 
reaction of the journal as concentrated at its centre ; 
assuming this to be the case, 

M = 16 P inch-pounds 

T = 18 P inch-pounds 



T. = P { 16 + ^162 + 182 I 



and :^/ 0^3 = 40000 x 401 
lo » 

d^ = 1630 

d = 11*8 inches nearly. 

In the table on page 98 we have worked out the stresses 
in the journals of overhung cranks, as in Example III. It 
gives a somewhat larger value than that which would be 
obtained by supposing the reaction of the journal uniformly 
distributed, but the difference is not so great as one might 
imagine. In one Case, in which the stress is 7,820 lb. in the 
table, it is only reduced to 7.120 lb. by taking into account 
the length of the journal. We cannot ev<?n be certain that 
7m 
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the reaction of the journal is uniform, and its resultant may 
be on the crank side of its centre. If we lengthen t^e 
journal, the above theory would increase the stress, but it is 
absurd to suppose this to be the case. In the table, A is the 
distance between the centre of the journal and the plane in 
which the centre of the pin rotates, and B is the hali-stroka 

Example IV, — In a marine engine the distance from 
centre to centre of bearings is I in., the length of stroke 
2 r in., the twisting moment T inch-pounds, and the force on 
low-pressure crank pin E lb. The acute angle between the 
direction of the connection rod and the crank is ^. Find 
the stresses fi^fz &t the aft journal and crank pin, each 
part of the shaft being treated as an independent beam. 

The subject of beams on several supports is one of great 
difficulty, and for this reason the last supposition has been 
made ; and as it over-estimates the stress in the crank pin, 
which ifl greater than that in the journal, it is on the safe 
side. We shall also assume that the reactions of the bearings 
are concentrated at their centres, and that the force B is at 
the centre of the pin. The couple exerted by the bearings 
is also unknown ; let this be 

M = n R /:. 

If the bearings can be treated as supports only, then n = ; 
but they probably exert some bending moment on the shaft. 



Boiler 
preasure. 


Diameter 

of 
cylinder. 


Shaft 
diameter. 


A. 


B. 


/. 


1 

Type. 


32c. 


22i 


73«. 


15i 


20 


7,620 


H.S. 


60c. 


27 


9iw. 


18i 


18 


10,850 


H.S. 


80c. 


IH 


6i«. 


Hi 


15 


8,430 


H.S. 


60n. 


9 


3§«. 


8 


9 


8,420 


H.S. 


60n. 


10 


A\xo. 


9i 


10 


7,280- 


H.S. 


SOn. 


42 


18«. 


30 


42 


6,740 


H.S. 


lOOn. 


11-81 


b\ic. 


11 


11-81 


11,250 


H.S. 


80c. 


40 


18*. 


81^ 


60 


10,000 


H.S. 


80c. 


14 


Is. 


15 


15 


6,000 


H.S. 


ICOc. 


32 


17c.«. 


37i 


42 

1 


8,820 


H.S. 



/S., for steel ; «»., for wrought iron ; c.^., for fluid compressed steel. 
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whose magnitude is unknown. If the shaft be treated as a 
uniform beam, loaded At the centre, then n == \, This 
probably over-estimates the bending moment at the journal, 

which would be -^ ; and under-estimates that at the pin, 

o 

which is greatest when n is zero. For the journal we shall 
assume 7t = }, and for the pin that n = 0, which is on the 
safe side, as it over-estimates the stress in each case. 
At the journal whose diameter is e^i. 



lb 



RZ 



+ 



^/ 



Ik'L 



2 



64 



+ T2 



. . __ -636 (R/ + JH- /-^ 4- 64T-^) 
To find /2, let two equal and opposite forces —^ and -^ 

■R 

(fig. 81) each equal and parallel to -- be placed at C, the 

centre of A B, and let them be supposed rigidly connected to 
the crank ; this cannot alter the stress at any point. Then 

— at B and -^ form a couple causing bending at the centre 
of the pin, whose magnitude is 



If 

I 
I 

18 

I 

I 

J. 



I 



i 







Figs. SO and 81. 

whiih is the bending moment at the centre of the pin 
because n = 0, The twisting moment at D is 



= T - * T. 



22 
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where T2 is the twisting moment of the low-pressure crank 
alone. 



which gives /2. 

Example V, — In a compound locomotive there are two 
high-pressnre cylinders and one low-pressure. The latter 
is connected to a single-throw crank, whose dimensions are 
shown in fig. 82. The greatest pressure on the low-pressure 
piston is 50,0001b., and the weight on each journal 17,0001b. 
The diameter of each wheel is 85 in., of the journal 7 in., 
and of the pin 7} in. It is assumed that equal power is 
transmitted to each wheel A, B are the journal centreF, 
and C, D the points at which the resultants of the forces 
exerted by the wheels on the shaft act To find the greatest 
possible stresses in the journal and crank pin, the obliquity 
of the connecting rod may be neglected. 

It is evident that the greatest stresses occur when the 
crank is at right angles to the line of stroke, but they are 
not the same when the pin is above the line of stroke as 

U — 28)4 -^ 28}if ;-->| 



20 



->♦<■ 



20 — >l 



B 



J 



II 



12 



H. 



Fio. 82. 

when it is below. In either case, let F be the force at the 
point of contact of rail and driving wheel ; then 

42i F = 25000 X 12 

F = 7050 lb. 

This force at the rail is equivalent to a force of 7,050 lb. at 
the wheel seat, and a couple whose moment is 300,000 inch- 
pounds. Fig. 83 is the diagram of forces when the crank is 
above the line of stroke. The downward forces at A and B 
are balanced by upward forces at D and C, and the pressures 
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of 50,000 lb. on the pin, and 7,050 lb. on each wheel seat, are 
balanced by 32,050 lb. acting horizontally at the journals 
and the two couples at the end of the shaf c. 
The bending moment at the journal is 

M = A D X ^/ 17000-* + 7050'^ 



Also 



and 



= 152000 inch-pounds, nearly. 
T = 300000 inch-pounds 

T« = M 4- V MM- 1"^ 

= 489000 inch-pounds 

cZ = 7 in. at the journal ; 

. . _ 16 ^ 489000 
• '/i ^ — Wa — 



= 7260 lb. 



TT 



The stress at the pin is only caused by bending, for if we 
take moments about the centre line of the pin, considering, 
of course, only the right-hand half of the shaft, we get 

Ti = 7050 X 12 - 32050 x 12 -H 300000 
= 0. 

The horizontal bending moment at the centre of the 
pin is 

Ml = 32050 X 20 - 7050 x 28 J 
= 442000 inch-pounds. 



J TOGO 

- i i 



. ^ 7050 

^ IIOOO 



22050 



nooo 




7050 



32050 



50000 

Fius. 83 and 81. 



The bending moment in a vertical plane is 

Mg = 17000 X 8 J = 140000 inch- pounds. 
The total bending moment is 



^/ Mi2 + Mg*" = 454000 inch-pounds. 
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Fig. 84 is the diagram of forces when the crank is below 
the line of stroke. The moments acting on the joama), and 
therefore the stresses, are the same as oefore. On the pin 
the twistiDg moment is zera The horizontal bending 
moment is 

Ml = 7050 X 8i + 24000 x 20 

s 558150 inch-pounds. 

The vertical bending moment is 

Mg = 17000 X 8J 

i = 140000 inch-pounds 

J M.^''~+UV^ = 575000 inch-pounds 
. .S2 575000 

= 126001b. 

This example is taken from Webb's "Compound Loco- 
motive." The diameter of the low-pressure cylinder is 
30 in., and the relief valve for the low-pressure steam chest 
is loaded to 80 lb. per square inch ; the greatest possible 
load on the low-pressure piston is therefore 56,5001b., 
nearly, somewhat more than we have taken above. The 
load carried by the corresponding driving wheels is 15 tons 
lOcwt., giving 17,360 lb. on each journal. Drawings may be 
found in Engineering^ July 25th, 1890. Indicator diagrams 
of this type give a pressure of about 40 lb. per square inch 
on the low-pressure piston. 

Example VI, — In a locomotive with inside cylinders the 
pressure on each piston is 38,0001b. There are no coupling 
rods, and the diameter of each driving wheel is 7 ft. Find 
the greatest stresses /i, /g, /s at journals, middle of shaft, 
and pins. The diameter of journal is 7^ in., of middle of 
shaft 7 in., and of the pin 8 in. The vertical load on each 
journal is 17,0001b. Dimensions are as follow: Centres of 
cylinders 24 in., centres of journals 46 in., gauge of rails 
56i in. 

If one of the cranks is inclined at an angle B to the line of 
stroke, the twisting moment is P r (sin ^ -f- cos ^) for values 
of B between deg. and 90 deg., and Pr (sin ^ - cos ^) for 
values between 90 deg. and 180 deg., P being the force on 
each pin, and r the half stroke. The moment of each wheel 
on the shaft is ^ P r (sin B it cos B). The moment transmitted 
by the middle of the shaft is therefore 

i P r (sin ^ =t cos ^) =f P r cos ^ 

= J P r sin ^ =F cos ^ 
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where the negative sign applies to valaes of B between 
deg. and 90 deg., and the positive to values between 
90 deg. and 180 deg. This is the same as 

JPr(8in^ - cos^) 

where has any valne between deg. and 90 deg. Evidently 
this will be the greatest when B is 90 deg., aild it is also 
clear Uiat the bending moment is greater when the forces 
on the pins are in the same direction than when they are in 
opnosite directions. 

Fig. 85 shows one crank vertical and the other horizontal. 
This is the position of greatest bending, for if A B are the 
wheel seats, E D the jonrnals, and E any point between the 
centres of the two pins, the horizontal moment at the point is 

Ml =F X BD + P X DG. 
If the crank is above the line of stroke, then 

Ml = P X DG -F X BD 

less than the above. 

V.r 



F = 



2K 



^w 




Fio. 85. 



where F is the force between rail and driving wheel, 
2 R is the diameter of the whee], 

.38000 X 12 



84 



5430 lb. 
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and the couple at each end of the shaft is 

T = 19000 X 12 - 228000 inch-pounds 
Ml = 5430 X 5J + 38000 x 11 
= 446500 inch-pounds. 
The vertical moment is 

Mg = W X B D = 17000 X 5i = 89250 inch-pounds. 
The resultant bending moment is 

M = ^/Ml- + Mg^ = 455000 inch-pounds. 
The twisting moment is T ; 

.\Te = M -h J W + T'-* 

= 964000 inch-pounds. 

This is the equivalent twisting moment at centre of shaft 
and pins; 

16 ^ 964000 

"■ 7' 

16 ^ 964000 
^ ~8^ 



.•./, = i2x2!2i^ = 14300 lb. 
and fs = -x ^^' = 96001b. 



The greatesst stress in the journals is when both cranks 
are at 45 deg. to the vertical. The total twisting moment is 
then _ 

Pr J2; 

and F = ^•^' ^^- = 76501b. 

The bending moment on the journal is 

Mg = 5i v^765U-^ -H ITUOU-* 

= 90149 inch-pounds. 

The twisting moment of each wheel is 

Pr 38000 X 12 
Tg = —7= = 7=7f — = 323000 inch-pounds. 



•A 



.-.T = M3 X ^Mg'-^ = T, 
= 426000. 
. 16 496000 p-i-rAiu 
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Example VIL — Three engines of equal power drive one 
crank shaft, and the resisting moment is ai)plied to one end 
only of the shaft. The shaft is made in three similar 
forgings, which are coupled together by bolts through 
forged flanges. Each length of the shaft is mounted on two 
bearings, and each crank pin is midway between the centres 
of the bearings. Show that the mean twisting moment on 
the crank pin nearest the end to which the twisting moment 

is applied is 23*5 ^-^ inch-tons. If B be the acute angle 

between crank and direction of connecting rod, and E be 
the pressure on the rod, the twisting moment of that crank 
alone is B . r . sin d, r being the length of the crank in inches. 
If T be the twisting moment of aU three engines, fig. 81, 
that on the after crank pin is 

Ti = T - i R r sin ^. 
But the mean value of B r sin & is 

T, = jHP.x 33000x12.^^ 
^ 2 TT JS X 2240 * 

and T3 = H.P. X 33000 X 12 j^^^ 

^ 2 IT JS X 2240 • 

where T3 is the mean value of T. 
If, then, T4 be the mean value of Ti, 

T, = « X g^g:,^ 33000 x 12 ^ 235 "^ inch-tons. 
^ "* 2 TT N X 2240 N 

Example VIII, — In the above question suppose the 
distance from centre to centre of the two bearings for each 
length of the shaft is 1^ the stroke, and each shaft is treated 
for bending as if independent of the others ; show that the 
twisting moment on the above-mentioned pin, which is 
equivalent to the combined mean bending and twisting 
moments to which it is subjected, is greater than the total 
mean twisting moment of the three engines, and find its 
value. 

We shall treat the crank for bending as if the bearings are 
merely supports at their centres, and exert no bending 
moment on the shaft. Let P be the mean whole pressure on 
the piston in tons ; then, neglecting the obliquity of the 
connecting rod, which would make the question exceedingly 
complicated, the mean bending moment is 

M = ?JiJP!^ inch-tons. 
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12PrN 
.-. M = fPr 



12 RR X 33000 

£240 
5 ELP. X 33000 
8 X 2240 X N 
HP. .. 



92 



N 



inch-tonp, 



T4- 



23 5 1;^ •- 



|r -I 




Fig. 86. 



TT p 

= -jp (92 + ^/ 552-5 + 84-b> 



= 34 4 



HP. 



The mean twisting moment on the shaft is 

T3 = 28-2 ?^-^ 



T. 



T 



- = 1-22. 

3 
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If we give M half the above value, treating the shaft for 
bending as if it were a nniform beam fixed horizontally at 
both ends, then 

Te = 285 ?^- 

N 

and ^ = 1 01. 

Example IX, — The crank, fig. 86, is acted on by a force P 
applied at the pin in the central plane perpendicular to O C. 
It causes a bending moment on the shaft equal in magnitude 
to half the twisting moment produced ; the crank is secured 
to the shaft by means of a sunk key. Determine the 
dimensions marked a and h in terms of d^ in order that the 
crank-arm key and shaft may be equally strong, allowing 
the stress in the material to be the same for each part The 
breadth of the key is | (£. 

The twisting moment is F r ; hence 

Te = M + J M2 + T2' 

= 161Pr 

.^/-^ci3 = l•6lPr. 
lb 

This neglects the weakening of the shaft by the keyway> 
the effect of which has not b^en reduced to a mathematical 
formula. Considering the strength of the key, we get 

4 2 

because the area in shear is ^ , and the distance from the 

4 

centre of the shaft is ~ . 

2 



8 16 X 1-61 
.'. a = -975 d, 
NextforA, ^^^^f^j^^ 

6 
and & = 8 A ; 

.-. Pr = A/*A3=_Z'^.^-\ 

16 X 1 61 

h = 1 09 d. 
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Example X — Fig. 87 representg the crank shaft of a hori- 
zontal engine, the pressnre P, which is 70,000 lb., acting at 
right angles to the crank, which is vertical The journals 
are at A and B, and at C is carried a rope flywheel, weighing 
122,220 lb., and having a diameter of 30 ft The dimensions 
AB, AC, CB, AD, DB are 1275, 706, 57, 31-5, and 159 
respectively^, D being the point on the shaft centre line 
produced directly below the centre of the crank pin. The 
directions of the ropes are approximately horizontal, and 




FiQ. 87. 

they lie in the direction of the arrow marked Fj + Fj, 
where Fg is the tension on the driving side, and Fi that on 
the slack, the ratio, Fg : Fi, being 9. The horse power at 42 
revolutions per minute is 900. The journal A ia 18 in. 
diameter, and the diameter at the flywheel is 21 in. The 
weakening effect of six flats for keys is not to be considered. 
It is reauired to find the stresses A at the journal A, and fz 
in the shaft at the flywheel. 

If D, N are the diameter in feet and number of revolutions 
per minute of the flywheel, 

(Fg - Fi) TT D N = H.P. X 33000 ; 

T^ -p 33000 X 900 ^^K^Aiu 
1*2 - ^1 = -ttt: — —777- = 75001b., 



and since 



30 IT X 4'4 
F ^ ^2 — Fo - F ^ 
^9 8 



.-. Fg + Fi = 7500 X li = 93751b. 

The twisting moment of the crank is therefore opposed 
by two moments, the one caused by the resistance of the 
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ropes and the other b^ the inertia of the flywheel, whose 
speed at this instant is increasing^ because the engine is 
supplying more power than is required. The shaft may be 
therefore treated as if at rest with the vertical force Q E, 
the horizontal forces P, Qi, Ex, and Fg + F^, and a couple at 
C whose moment is equal and opposite to that of P 
about B D. 




k- H ->K- o — w 



Fio. 88. 



Taking moments about B for horizontal forces — 
R _P .DB - (Fg + F,).CB 

^' AB 

^ 70000 X 15 9 - 9 375 x 57 

127 6 
= 83100 lb. 
Qi = El + Fg + Fi - P = 22400 in round numbers. 

Tj W . C B 122200 X 57 R.^nn 
a = — r-^n— = TT^fT^ = O4b00. 

AB 127 5 

Q = W - E = 67600. 
The twisting moment at C is 

T = 4200000 inch-pounds. 
The bending moment at C is 

M = B C n/'QM="Q7 = 4040000 inch-pounds. 
T« = M + J M"^ + T=^ = 9860000 inch-pounds. 

/, = l^«J, = 5420. 

At the crank journal 
/i = 6060 lb., 
which may be found as in Example III. 
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Fig. 88 is the crank of a locomotive. In the following 
table dimensions are given from actual practice. L is the 

Dimensions op Locomotive Ceank Axles. 




7 


4 


7 


7 


4| 


4i 


41 


4J 


4} 


4 


4 


8} 


4J 


4 


4 


4 


8 


7i 


8 


7* 


n 


7i 


^ 


7i 


9 


8J 


7 


8 


Sh 


n 


n 


7i 


9 


8i 


8i 


Si 


12 


IS 


m 


12 


12 


13 


13 


13 


18 


18 


18i 


19 


160 


160 


160 


150 


1060 


1270 


1225 


1410 



7* 
4i 
4i 
5 
8 
8 
10 

6i 

9 

13 

12 

20 

• • 

1176 



depth of the webs, and N the diameter of piston. The ends 
of the webs are sometimes strack with radii, whose centres 
are the shaft and pin, in the usual manner for ordinary 
fi/hafting, but more often they are semi-circular; they are 
generally hooped^ the hoops being shrunk on as a safeguard 
afl:ainst accident, in case a crank should break. The webs of 
Mr. Worsdell's crank are circular, so that they can be 
finished in the lathe ; they are not hooped. 

In the table p is the pressure per square inch on the crank 
pin when the full boiler pressure acts on the piston. In the 
cases in which we have not been able to obtain the boiler 
pressure we have assumed it to be 150. Here again the 
reader may note how high are stresses and pressures per 
square inch on bearing surface per locomotive practice, 
compared with their values in marine practice. 

Example L — In a single-cylinder engine the steel crank 
shaft, of 8 in. diameter, is subjected to a twisting moment, 
whicn fluctuates from 2^ times the mean twisting moment 
to zero. In a multi-cylinder engine, working at the same 
power and speed, the maximum twisting moment is 20 
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per cent greater and the minimum 20 per cent less than the 
mean. What diameter of shaft will be required in order 
that it may be capable of enduring the straining action to 
which it is subjected as the shaft of Uie single-cylinder 
eogine, supposing the material to be the same? (Science 
and Art Honours, Machine Construction Examination, 
1895.) This is evidently intended as a problem on Wohler's 
researches, which have been reduced to the following 
mathematical eqaation by Professor Unwin : 

A;max = 2 + JK'' - 1-6 A K^ 

where JcmAx and ^min are the greatest and least stresses to 
which the material is subjected, 

A = A^max ^ ATmin 

K = greatest safe dead load. 

In the former case ^min = o, and ^max may be calculated 
from the equation — 

2i T = ^max J^ d^ 

16 

where T is the mean twisting moment which the engine 
exerts, and c2 ^ Sin. 
In the second case, 

lb 

where A;^max and ^^min are the maximum and minimum 
stresses to which the second shaft is subjected ; 

.-. •4T = A^- (^i3 

. -. A:max = ^^ + J'YL:' - 1*6 itmaxK 



fC max 



'A 
K2 - 1-5 K . ^max 



4 

Amax = 6 K. 

In the second case, 

Ai •4T 



fC max 1'2 L' 
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hence 



i it^^max = K2 - J ^imax K 
9 ^ 

ifc^max = 104 K 

1*04 
. •. X;^mar = ^max X -— - = 1*735 ^max 

2A T *■ 

1*2 T = 1*735 X -'- X 77 c?!^ 

16^ 



1735 X :dh 
d^ = 5 22 in. 

Example IL — A cast-iron spur wheel, with 40 teeth of 
2 in. pitchy is keyed on a wrought-iron shaft. Assuming 
that the whole effort is exerted on the comer of one tooth, 
and that the shaft is subjected to a bending moment of the 
same, magnitude as the twisting moment imparted to it by 
the spur wheel, determine the diameter of the shaft for 
equality of strength between it and the spur wheel. 

Let n P be the force acting on the corner of a tooth where 
n is a fraction, and P is the whole force acting on the wheel 
teeth; the moment of this force about the section where 
breaking is likely to occur is 

where t is the thickness of a worn tooth at the pitch line ; 
assume 

t = 'ZQp n = § /= 40001b. 

whence P = ^ x 4000 x (*3C)2 p^ 

and p = 2* 

. •. P = 2000 X -1293 X 4. 

The radius of the wheel 

20 X 2 
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. *. the twisting moment 



T = 2000 X 40 X -1293 x 4 i^,h ^s 

IT 

= 13200. 



Te = M + JM.- + T2 = 2414 T 

•^16 

where d = diameter of shaft and / = 5000 lb. 

d^ = 32-4 

d = 319. 

Example ///.— Supposing the aftermost length of shafting 
in. a ship to be supported on three equi-distant bearings 
which are in a straight line, and to be joined to the next 
by a loose coupling ; show that considerable wear in the 
aftermost bearing may take place without any increase of 



I 



W^—O,--. 



-"-A-^ 




iTW 



Fio. 89. 



the bending moment on the shaft, and explain how to 
determine the extent of the deviation of that bearing from 
the line of the other two, at which the maximum bending 
moment will begin to increase. 

Let ABC, fig. 89, be the shaft supported on two bearings 
at B and ; we shall first find what the upward deflection 
at the centre of the span B C would be, and thence deduce 
the downward force Q there that will reduce this deflection 
to any desired amount. 

Let X be the distance measured horizontally from B to 
any point on B C, and let y be its ordinate measured from a 
8m 
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horizontal line through C ; then, if M is the bending moment, 
I the moment of inertia, and E the modulus of the section, 

^. ~ ^-.- - KM - K(W (a + X) - -P X) 

Hence c^ + ^ = K (Waa; + W ^' - P ^-^) 

ax \ 2 2 / 

<i,+c,:. + y-K(w + ^%:«^'-P?;). 

When a: ■= 0, (£2 = — 2/'ii where y 1 is the distance the bearing 
B is below the bearing C. When 

X ^2lj y = 

When X = I we sball get the deflection at the centre 
d^+c,l + v = K (^-^- + -_ - P - j 

but P = W(^.LL20 

..y-t ^ - IV — ^. 

Let Q be the force at the centre acting downwards that 
would cause the deflection at the centre to be zero. Then 

^ 48 El. 
6 4 2 2 



.-. Q = - 



n Wg _ 3^2 
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After Q has been applied, 

p_ W(a + 20 Q 
'Zl 2 

W(a + 2Z )^ 3 Wa . _?^^ 
21 ^ ^ 2Ky«* 

P = W(2^ + ^a) + ||^. 

Now, as long as P is greater than W,«the greatest bending 
moment on the shaft will be W a, and when P = W the 
bending moment will be W a to the middle bearing at which 
Q acts, bat when P is less than W the bending moment will 
be greater at the centre bearing than at £. Hence the 
deviation we want is that which occars when P » W. 

'21' '^2K/« 
and c?2 = ~ ^1 

• • ^' • "EI"' 

which is the deflection of B below the line of the other two 
bearings. 



CHAPTER XIII. 

Flangb Couplings. 

A FLANGE coupling has to resist torsion ; the bolts might 
give way by shearing, if too small. In the case of a crank 
shaft which is made in parts that are connected by flange 
couplings, the bending of the shaft will produce a tensile 
stress in some of the bolts, as well as a shearing stress. "^It 
is not usual, however, to take this into account. Let /« be 
the shearing stress in. the bolts, and /4that produced ^by 
torsion in the shaft ; then 

where n is the number of bolts, and 5 their diameter, d the 
diameter of the shaft, and D that of the bolt circle, if fs is 
equal to/. 
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In marine engine practice, however, there is no fixed rule 
by which to design the flange coupling, although it would 
appear reasonable to make both d and D fixed multiples of 
dj and the mean value of /«, calculated from the indicated 
horse power, varies between 2,300 and 4,700. The following 
table gives examples of flange couplings for marine-engine 
shafting. 

Where the parts of the crank shaft are to be interchange- 
able, the number of bolts must be a multiple of 4 for two or 
four cranks, and of 3 for three cranks. 

In concluding the subject of shafting, we must add a few 
lines on the lengths of journals In the first place, the laws 
of friction for lubricated journals uuder constant or varying 



Grank-sbaft 
diameter. 


Scre^-shaft 
diameter. 


No. of 
bolts. 


Diameter 
of bolta 


Diameter 

of 
coupliDg. 


Thickness 

of 
coupling. 


Diameter 

of 
bolt circle. 


4J 


4i 


6 


U 


10| 
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5i 
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13 


11 
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iH 
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8i 
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17i 
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12i 


9i 
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2i 


19 


2| 


14i 
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2| 


18 
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14 


11 


• • 
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2i 


21i 
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16i 
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3 


23^ 
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18 


13 


12 


8 


2i 


22 


3J 


18 


16^ 


16J 


8 


H 


32 


41 


25 


22^1 


• • 


9 


4i 


35 


6 


28| 


23 




8 


4i 


38 


5 


30|. 



pressure are unknown, and it is therefore useless to attempt 
to theorise on the subject The reader will obtain i>lenty of 
information on this subject from the pages of engineering 
papers, and such books as D. K. Clark's *' Steam Engine " ; 
in short, experience is our only ffuide. 

Example /. — Two lengths of shafting are connected by a 
flanged coupling, in which a sleeve, fig. 90, the internal 
diameter of whicn is equal to the diameter of the bolt circle, 
wraps both flanges, the bolt holes being formed half in the 
flanges and hafi in the sleeve. Determine the diameter of 
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each of the ten oonpUiiK boltiu which will give to the coupling 
the same strength oa the solid shaft of 14 in. diameter, that 
of the bolt circle being 17^ in., and the thicknesa of each 
flange being S^in., the material of the bolts being of the 



same strength as that of the shaft. (Science and Art 
Honours Machine Conatmction Examination, 1897.) We 
may suppose one shaft to rotate while the other ia fixed, and 
we see that the bolt section sheared through is 



I5d-i-^l^d^ = ^y 



Example //.—Some of the dimensions of a Kooke's 
couplii^ are shown in fig. 91. Sapposlng the shaft to be 




snbject to torsion only, estimate the diameter of the pins 
which, if they are made of the same material as the shuts, 
will cause them to be equally liable to yield to the straining 
actions to which they are subjected 
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The pin will either give way to shear or to bending. 
Considering the former, let P be the shearing force ; then 

where d^ is the diameter of the pin. Hence, 

^ 16 X 7 

c?i=982in. 

If we suppose the pin gives way by bending, we must 
assume some point of action for the bending force. Let Pi 
be this force, and let its overhang be j in. Then 



TT 



^ ^ ^16 



c^i = cZ V^l766 
= -56 c?. 
Hence the former diameter is more suitable. 



CHAPTER XIV. 

Resilience. 

The work done in deforming a bar up to the elastic limit is 
termed the resilience of the bar. Let A be the cross-section 
of the bar, and /the stress thus produced; then the work 
done in producing the deformation is ^/. A . «, where 8 is 
the extension ; but 

strain 
the modulus of elasticity ; 



8 

where I is the length of the bar. 



8 
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If a force F snddenly acts upon an unstretched bar — e.g,^ a 
cap bolt of the bearings of a vertical engine — the work done 
will be 

.•.P-=i/iA 

and produces doable the stress that it would cause if 
gradually applied ; for this reason sudden changes of 
pressure should be avoided as much as possible. 

If a bar is subjected to shocks causing exbension, its 
section should be as uniform as other circumstances will 
allow. If it is compressed by the shocks, the case is 
different, because its tendency to buckle must be considered. 

For this reason the section of the body of a bolt is some- 
times reduced so that it may be equal to the section at the 
bottom of the thread, but it would be unreasonable to make 
the section of the piston rod equal to the section of the 
screwed end at the bottom of the thread r firstly, because 
the former must be given additional strength to resist 
compression; and secondly, because it is alternately in 
compression and tension, and would give way with a 
smaller stress than when subjected to either tension or 
compression acting alone, while the screwed end is only in 
tension. The following example will illustrate the advantage 
in bolts of uniformity of section. Let us compare the 
resilience per unit volume of two bolts A and B, in which 
A for one-tenth of its length has a sectional area which is 
eight-tenths of that of the remainder ; and B for nine- 
tenths of its length has a sectional area which is eight-tenths 
of that of the remainder; by "length'' we mean the part 
subject to the full load — i.e., from the point where it joins 
the head. 

Let / be the safe stress to which each can be subjected ; 
let a be the area of the larger part of the bolt ; then the 
greatest total stress in each case is '8/ a, giving a stress/ per 
square inch on the smaller section. 

Let 10 1 be the length of each bolt and s the extension of 
A; then 

lit JL u Jli 

Let F be the force gradually applied to A or B that would 
produce the stress / in the smaller part ; the resilience of 
A is 
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*^ E • 
Similarly, the resilience of B is 

*^ "E • 

The volumes of A and B are 9*8 a Z and 8*2 a I respectively, 
and therefore the resilience per unit volume of A is — 

resilience of A 41 . F . / . ^ 

volume of A 9 8 . a ^ . E 
and 

resilience of B ^ 49 F // 

volume of B 8 2 a ^ E 

. resilience per unit volume of A __ /8'2\^__ .^ 
resilience per unit volume of B V9*8/ 

showing that, weight for weight, the first bolt has only '7 
the power of resistance to shock of the second. 

The following question was given in an examination in 
machine construction of the Science and Art Department ; 
although not of a very practical nature, it is interesting : 
"Suppose a machine or other structure to be strained, 
within the limit of elasticity, by a load which is suddenly 
reversed in direction, but unaltered in magnitude ; and 
suppose the reversal to be repeated each time at the instant 
when the structure has become most strained by the 
previous application of the load. Show that the stress 
produced after n applications of a load P, to an originally 
unstrained structure, is equal to that due to the steady 
application of a load at 2 n r." 

The difficulty in answering this question is that it 
requires an inductive method of treatment, the knowledge 
of which, although useful to a mathematician, is not likely 
to be of service to an engineer. We have already shown 
that the proposition is true when n equals unity. Let us 
assume it to be true when n has some value h ; we shall 
then prove its truth when n is A; + 1, and thus establish the 
proposition for all values of n. 

We shall only consider the case when the structure is a 
bar upon which a longitudinal force acts. By similar 
reasoning the reader can prove the truth of the proposition 
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for a beam, shaft, &c., and thus establish it for any stmctare. 
We assume, then, that 

A a = 2 A; P. 

where fk is the stress produced by the kth application of P. 
Then when P is again reversed 

(P + iA a) . 8k ^ \fk + 1 . a . «fc + 1 - P . «it + 1 . 

where a is the sectional area of the bar, sk is the ^th 
elongation or compression, and sk+\ that following. The 
above equation is obtained thus : Suppose the ^th applica- 
tion causes elongation, the work done by P after reversal is 
P (8k -¥ 8k + i), and by the resilience of the bar is ^fk a 8k ; 
the work done on the bar is hfk + \a 8k + i» ftnd the sum of 
the first two quantities equals the third ; but 

«fc _ 8k + \ 
fk fk+l 

.\(h + i)p.2ifcp + p./fc+i.a = yn^ia^ 

a quadratic from which we obtain 

/A + i.a-2(^ + 1)P. 
which proves the proposition. 

The Eesilisnge of a Shaft. 

Let r be the radius C D of a shaft, fig. 92, and let it be 
twisted, being fixed at the end E so that the line BG is 
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displaced to BA, forming a spiral. Then ADO is ^, the 
angle of torsion for a length ^, where B C = ^. Then if / is 
the stress caused by torsion, and G the modulus of trans- 
verse elasticity. 



e = ^A 



d being the shaft diameter ; but 
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/ 



16 



.*. 6 = 



2TI. 



32 T\/ 



The following are values of G : for wrought iron 10,500,000, 
for cast steel untempered 12,000,000, and if tempered 
14,000,000. 

If we have, as is sometimes the case, to consider the stiff- 
ness rather than the strength of a shaft, we must use the 
above equation. According to Professor Unwin, 

The following table gives values of p : — 



steel. 



Cast 
iron. 




Stress changing little during work, and not reversing. . 2'877 

Part of stress reversing at each revolution 3 "294 

Stress changing constantly between equal and opposite 

values 4*149 



The resilience per cubic inch of a cylindrical bar, subjected 
to tension only. 

Let A be the section and P the force that will stretch the 
bar to the elastic limit at which the stress is /i ; then the 
total work done is 

J /i . A. « . = resilience 

where 8 is the extension in inches. 



but 



8 



where I is the natural length of the bar, and E is the modulus 
of elasticity in pounds ; 

. *. resilience = iA A^ . 



-i/i 



E 
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SO that the resilience per unit volame is 

2E* 

The resilience of a rectangular bar supported at both ends 
and loaded in the middle, and so designed that the maximum 
stress /x is produced at every section and the curvature is 
constant. 

Let / = 2 a be the span, W the central load, 6 the 
breadth, h the depth, and r the radius of curvature at any 
point, 

r 
where I is the moment of inertia of the section. 

6 12 r. 

A-^^^- (1) 

r dx^ 

where x is the distance from the centre and y is the height 
of the centre line from a tangent to the centre of the beam, 
y being very small 

• 2A 

d^y _ 2A 



dx- EA. 
It is clear that A is constant. 

d^ ETr*"""*^ EA. 
. '. ^, the deflection at the centre, 

EA. 
Again, __ ^ a - ^ j =/i-- 
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Hence the total volume of the beam is 

Jo f^k 

^r 6W(a^ -^')T 
Hence the resilience per unit volume is 

6E' 

The same formula applies to all rectangular beams of 
uniform strength, to coach springs if properly designed, and 
to spiral springs subjected to a moment whose axis coincides 
with the axis of the spiral. 

The resilience pNBr unit volume of a cantilever loaded at 
the end, and of uniform section h h. 

Let X be the distance of a point from the end. and y the 
small height of the point from the lowest point ox the beam. 
Then 

ax-' 
EI^- W^' + C. 

ax -2 

and C evidently = - ^ 

dx 2 ^ ' 



EI.= -W(,.,_^)^,. 



but when y == o, a: = o ; hence ^ = o , 

EI. 5. = - ^^P = - ^ '^\\ 

2 ^ 3 
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The reailienoe per unit volame is therefore 

i — - - 
b ,h,C. 



&Ei.b,h,l. 

= 111 
18 E* 



This also applies to a beam supported at the ends, and 
oaded in the middle if of uniform section. 
The resilience of a solid cylindrical shaft 
Using the notation of page 121, we have 

resilience = ^T.B, 

16 a 

.*. resilience per unit volume = ~^-' 

This also applies to a cylindrical spiral spring of wire 
of circular section. 
The resilience of a solid square shaft. 
In this case 

T- f'' 
^ ~479' 

where s = side of square, £0 that the resilience per unit 
volume 

= i_T^ ^ f'S.l. 
a'U '958^ 

Hence the resilience per unit volume is 

_/^ 

6 475G. 

This also applies to a cylindrical spiral spring of square 
section. 
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CHAPTER XV. 

Expansion Valve Geabs. 

Thebe are many forms of expansion valve gear. We shall 
first consider those in which a valve called the " expansion 
valve " works on the back of another called the " distribu- 
tion valve.'' A theoretical sketch is shown in fig. 93L Here 
A, B are the two plates of the expansion valve, and C is the 
distribution valve — so called because it distributes the steam 
to the steam passages and controls the exhaust. There are 
two eccentrics, one for each valve, and there is, in all cases, 
some mechanism by means of which the point of cut-off may 
be varied. 

1. The plates A, B may be put farther apart, the cut-off 
being effected by their outside edges. 

2. The travel of the expansion valve may be altered, and 
the cut-off may be made by the outside or inside edges of 
A,B. 




FiQ. 93. 




Fio. 94. 



3. The angle of advance of the expansion eccentric may 
be altered without altering its throw. 

By the word " throw," we mean the distance between the 
centres of the shaft and of the eccentric. 

In fig. 94, if AB is the line of stroke, the direction of 
rotation being opposite to that of the hands of a clock, and 
if C, E, K are the centres of shaft, distribution eccentric, 
and expansion eccentric, and if K M, E P are perpendiculars 
on A B, then the centre of the expansion eccentric is at a 
distance PM to the left of the centre of the distribution 
eccentric ; so that if K G, C G are drawn parallel to C E and 
K E respectively, and GN is drawn perpendicular to AB, 
C N will always represent the distance between the centres 
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of the two valves. The relative motion of A, B to C is the 
same as would be obtained if C were fixed and A, B con- 
nected to an eccentric having an angle of advance greater 
than that of the distribution eccentric by the angle G C E. 
Suppose G C A, an angle greater than 180 deg., is its angle 
of advance plus 90 deg., and in fig. 95 take BCG^ BGE, 
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BCK equal to ACG, ACE, ACK, fig. 94 ; then when 
the crank is in any position such as C D, the expansion 
valve will be C F to the left of its central position relative 
to C, and if the crank is at CH, then CL will be the 
distance between their centres, but the expansion-valve 
centre will be to the right of that of the distribution valve. 
Given the angles of advance of the two eccentrics, the 



1 



J 



Fig. 96. 

construction of a valve diagram is easily made ; make 
B E, BCK equal to the angles of advance dIus 90 deg. ; 
draw EG, CG parallel and equal to CK, EK ; take CG^ 
equal to C G, and describe circles upon them as diameters. 

This diagram enables us to solve^ problems in expansion- 
valve gears without having to consider the absolute motion 
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of each valve. If CM is made equal to x, fig. 93, and a 
circle MNP be drawn, it is dear that the plate B will close 
the port of the distribution valve when the crank is at C N, 
and re-open it when the crank reaches C P. If, when the 
centres of the valves coincide, the outside edges of A and B 
overlap the outside edges of the steam passages, fig. 96, and 
if C T he taken equal to x, and a circle T R S be described, 
then steam will be cut off from the crank position C S to 
C E, and the passage will be opened from R to S, S being on 
the circle whose diameter is C G^. 

If it is intended to cut off steam by the inner edges of the 
expansion plates, take C M, fig. 97, equal to y in fig. 96, and 
draw a circle N M P with C as centre ; then the ^ssage in 
the distribution valve will open when the crank is at C N, 
because the expansion valve is now a distance y from its 




relatively central position, and the passage will again close 
when the crank reaches C P, C G being the diameter of the 
resultant circle whose chords through C give the relative 
motions of the two valves. 

The port opening for any position CL of the crank is 
shown in fig. 98 by the part of the radius CL outside the 
circle C G, and inside the circle M N. If the crank line 
cuts the circle C G^, then the port opening is C R + C S. Of 
course, the port opening can never be greater than the 
passage in the distribution valve, so that the above show the 
distances between the outer edges of the valve plate and 
port. In fig. 97, RS is the port opening for the crank 
position C S. 
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The Meyer Expansion Valve, — In this valve the cnt-off 
is altered by separating the plates by means of a right 
and left handed screw passing through nuts fixed to the 
two plate& In fig. 98 it is clear that by decreasing CM 
the radius C N may be brought nearer to C A ; when C M is 
zero, cut-off takes place when the crank is at C T. If the 
lap be made positive the cut-off is still earlier, as explained 
above, and illustrated by fig. 95. The latest cut-off occurs 
when C G is the negative lap — ie., x in fig. 93. 

We shall next consider tne rate of reduction of passage 
area at cut-off. Let ta be the angular velocity of the shaft, 
and h the breadth of the passage of the distribution valve ; 
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then when cnt-ofi occurs at N the valve has moved a 
distance Q L when the shaft has turned through the angle 
NCL, fig. 98. The rate of reduction of passage area at 
cut-off is — 

y QL.5 

time required to turn through the angle NCL 

when the distance N L is indefinitely diminished. 

V = ^%i^ = aj 6 0, tan C N U = 6 . N G . a;, 

M L 

CL 

because the an^le N U is equal to the angle Q N L when 
NL is indefinitely diminished. This is one method of 

9m 
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measuring the velocity of cut-off, bat absence of wire- 
drawing does not depend on the magnitade of 5 N Q. A 
alow cut-off when the piston is moving slowly may be better 
than a more rapid cut-off when the piston is moving faster. 
A better method of measuring the comparative rapidity of 
the cut-off is to take AB, fig. 99, to a small scale to 
represent the stroke of the piston, and to draw vertical 




Fig. 99. 

lines to represent the area of port opening at each point of 
the stroke. Thus in fig. 99 AD is the lead, and the cylinder 
port is opened from D to E, when the openings of cylinder 

Sort and of distribution-valve passage are equal, and the 
ktter is being reduced until cut-off takes place at C. 
It is clear that the larger the angle K C H, the better the 
cut-off. for E H is the reduction of port area at the samn 
time tnat the piston moves through C H ; so that tan K C H 




Fig. 100. 



Fig. 101. 



is the ratio of velocity of cut-off to piston velocity at cut-off, 
and this measures the value of the cut-off or absence of 
wire-drawing. 

It is important that the throw and angle of advance of 
the expansion eccentric should be so chosen that the 
expansion valve does not re-open the passages before the 
distribution valve has cut off the steam. A faulty design is 
shown in fig. 100, where C H is the position of crank when 
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the latter cats off steam, and C G is the resultant circle. 
Then, if the negative lap is made greater than C N or C P, 
the cut-off will be later than C N, but the expansion valve 
will re-admit steam before C P. 

If, as in fig. 101, C G lies on the other side of C H, or if it 
coincides with it, this fault will not exist In Holmes' 
** Steam Engine'' we find it stated that CG should coincide 
with H, the position of the crank at cut-off, b:^ the distri- 
bution valve ; but we do not always find it so in practice, 
because this will make cut-off take place very slowly when 
the expansion and distribution valves cut off simultaneously, 
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because N G will then be zero, fig. 101. If the normal cut-off 
is earlier in the stroke (say at about one-third), and the late 
cut-off is only used for starting the engine, this is of no 
consequence, and will not affect tjhe efficiency of the engine. 
If in fig. 102 the normal cut-offtakes place when the crank 
is at C L, we should make the velocity of cut-off equal to 
that of the distribution valve. Draw MG at the same 
distance from C L that E is from C H, the position of crank 
when the distribution valve cuts off. Then any point G on 
M G will make N G, which measures the velocity of cut-off 
of the expansion valve, equal to E P, which measures that 
of the distribution valve. The leaat velocity of cut-off is 
measured by G Q, the perpendicular on C H, this being the 
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velocity when CQ ia the negative lap of the expansion 
valve, and cnt-off takes place at C H. The greater we make 
O Q, the larger C E hecomea ; in the iignre we have made 
O Q eqaal to half ON. c i 

If the engine rnna as often in one direction aa the other, 
the line CK ahonld coincide with AB, and Ejr parallel to 
A B will give the throw of the expansion eccentric. £^ Having 



settled the position of the expansion eccentric, we most next 
find the least negative lap of the expansion valve, or its 
greatest overlap, to give the earliest cnt-o£r that is required, 
and which is nanaJly at the beginning of the stroke. 
Suppose (fig. 95) that the earliest cnt-off is to take place 
when the crank is at C S, then C N is the least negative 
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lap; or, if the crank is at CS, then CS is the greatest 
positive lap. The plates of the expansion valve must not 
be too diort, or the passages may be re-opened by the inner 
edge of the plates reaching them. To find their correct 
length, we remember that the relative half -travel of the 
expansion valve is C G, so that the right-hand plate, fig. 96, 
will move C G to the right, so that the length of plate must 
he X + width of passage -H G + about i in., to prevent 
the passage re-opening ; it x ia negative, then we may sub- 
tract it. The inner ends of the plates should touch one 
another when the negative lap has the greatest value 
intended. 

Hartnell and other Expansion Gears, — The second method 
of altering the cut-off is by yarying the travel of the 
valve, the lap being unaltered. The cut-off may be made 
by the outside or inside edges of the plates. An example 
of the former is the Hartnell automatic expansion gear, 




Fig. 104. 



fig 103, in which the eccentric rod end is fixed to a slot, 
pivoted at one end, in which a block can be raised or 
lowered by the governor. To the block is connected 
the expansion valve rod, so that the lower the block in the 
slot, the longer the travel of the valve and the later the cut- 
off. We cdiall now consider the theory of this gear. 

In fig. 104, let BCE be drawn equal to the angle of 
advance of the distribution eccentric, plus 90 deg., and 
B C Es be a similar quantity for the expansion eccentric. 
We may begin by assuming that the two eccentrics have 
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equal throws. Take E Gi, E G2, <&c, on E G5, which is 
parallel to K5, equal to C Kx, C K2, <&C'i respectively ; 
then CGi, CG29 <&c., are the resnltant circles, when GKx, 
G K2, &c., are the half travels of the expansion valve. 
With G Ml as negative lap of the plates of the expansion 




valve, it is clear that the cut-off is later the longer the 
travel of that valve. This will be seen at once if circles are 
described with G Gi, &c., as diameters. 

We shall first consider the effect of varying the three 
important quantities in the design, viz., the negative lap 
of the expansion valve, which is generally made double- 
ported, and the angles of advance of the eccentrics. G G^ 
IS drawn perpendicular to E Gs, and, with G M^ as laj), the 
velocity of cut-ofi is proportional to Gg Ni, and this is its 
least velocity^ and the latest cut-off is when the crank is at 
G G2, supposing that G Gq is the greatest relative half 




travel allowed and Go ^n is perpendicular to G G2, G m 
being equal to G M,. Suppose the lap increased to G M2, 
then the least vf^locity of cut-off is reduced and is pro- 
portional to G<t N2 : but, on the other hand, the latest 
cut-off possible is at G H. In fig. 105 is shown the effect of 
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redacing the angle E G E. This rednoes G3, and therefore 
the least velocity of cut-off; but if the latest cut-off is fixed, 
this reduction lessens G Ge. 

Suppose E G K and the lap fixed, then an increase of the 
ansle of advance of the distribution eccentric increases 
GGE, without any corresponding advantage, so that the 
angle of advance of G E should be small In order to obtain 
this, we may make cut-off by the distribution valve take 
place at about '8 of the stroke. In fig. 107 this has been done, 
and the expansion valve so designed that cut-off can take 
place anywhere from the commencement to six-tenths of 
the stroke. The angle of advance of C K is 60 deg., and 




Fig. 107. 

E G is drawn parallel to G K : from G on the circle G mo is 
drawn perpendicular to Ch, giving the negative lap. Cg 
is perpendicular to E G, and when the half travel of the 
expansion valve is E^ the cut-off takes place with least 
veu>city, the crank being at G m^ ; if G ^ is the outside lap, 
I being on G H, then the velocity of cut-off of the distribution 
valve is proportional to E/, and of the expansion valve, 
which IS double-ported, to twice gmi. It will be found on 
measuring the figure that 

2g7Jii = E/, 

so that these velocities are equal. 

It must be possible to reduce the half travel of valve to 
En, Mn being perpendicular to AB, if cut-off is to take 
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place at the commenoement of the stroke ; if it« least value 
IS greater, the earliest cut-off will be only a trifle later. The 
greatest relative travel of the two valves has been made 
equal to that of the distribution valve, and its greatest 
Actual travel is 1*7 that of the distribution valve, being 
2 E G. In fig. 108 a m represents the stroke of the piston, 
and a n the full port opening of the distribution valve j any 
ordinate to the curve bed is its port opening for a point of 
stroke represented by the abscissa, and the dotted lines 



A n 




Fig. 108. 

i^how by their ordinates the port openings obtained when 
the expansion valve cuts off at L A, and /, the valve being 
double-ported. It will be seen that the ratio of velocity of 
cut-off to velocity of piston is greater than that which 
would be obtained by cut-off with the distribution valve. 

We have already stated that cut-off may be effected by the 
inside edges of the plates of the expansion valve. These 
have positive lap, and the cut-off is altered by increasing 
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or reduciDg the travel of the expansion valve. If G G, fig. 
109, is the resultant circle for the right-hand passage, 
admission takes place when the crank is at H and cut-ofi at 
K, CH being the lap, because the chords of this circle 
drawn through C give the relative motion of the expansion 
valve to the right of its central position ; and when it in 
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C H, or the lap to the right, and moving to the right, 
admission commences, and when moving to the left, cat-bfi 
is just taking place. 

In fig. 110 let AEB be the direction of rotation, and 
BCD the angle of advance of the distribution eccentric, 
plus 90 deg. Let C D be its throw, and C E the position of 
the crank at earliest cat-off. Take C H, the lap of the 
expansion valve on C E, and draw H O a perpendicular to 
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O E. It is nsaal to take C H equal to the lap of the distri- 
bution valve. With centre D, and radius DO, the throw 
of the expansion eccentric, draw an arc, cutting H O in the 

?oint O. and join C O. Complete the parallelogram O D T C. 
'hen TCB is the angle between the centre line of the 
expansion eccentric and the crank. D O is generally taken 
equal to C D. When the travel of the expansion v&lve is 
reduced to zero, the cut-off by the expansion valve is the 
same as by the distribution valve, and as the travel increases 
to twice OT, then C O is the diameter of the resultant circle, 
and C H is the position of the crank at cut-off. If C U is 
the half travel of. the expansion valve, and C Y is drawn 
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parallel to D U, then C V is the diameter of the resultant 
circle. When C U D is a right angle, the expansion valve 
has its least velocity of cut-off, and the opening of the steam 
passages in the distribution valve is least. 

The third method we mentioned above was that of 
altering the angle of advance of the expansion eccentric 
without increasing or decreasing its throw. 

In fig. Ill C E represents the distribution CNScentric, C K, 
C Kx two positions of the expansion eccentric. C G and 
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C Gi are paralle], and equal to K E and Ki E, and are the 
diameters of two resultant circles. When the expansion 
eccentric is in the position represented by C K, cut-off takes 
place when the crank is at CG, the negative lap of the 
expansion plates being C G. When the angle of advance is 
increased by K C Ei, cut-off takes place when the crank is 
at OH. In order to rotate the eccentric on the shaft a 
flywheel governor is generally used, such as that shown in 
fig. 112. Here C is the eccentric sheave, A, A are weights 
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fixed at h, b, and connected to the sheave by the linka e, q, so 
that when they &y out C ii rotated. The springa F, F 
oppose the weights, and in order to compensate for the 
varying leverage of A, A, the springs F, P are added. 
These are also intended to overcome the fricrtion of the 
valves and valve gear. 



We shall next consider two valve gears in which only 
one eccentric and valve are nsed. In the first of these the 
ecoentric is formed of a sheave C, Eg. 113, and a ring D, 
the centre of the latter determiniuR the motion of the valve. 
The two levers 1. 1 are connected by the rods 2, 2 to C, and 
by 3 to D, so that when the levers fiy oat, fig. 114, D is 
moved in the direction of the bands of a clock, and C in 
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the oppcNsite. Thus the throw and angle of advance of the 
ring D can be altered. This is the arrangement in the 
Armington-Sims high-speed automatic cut-off engine. 

In order to keep the lead constant, fig. 115, the point e, 
the centre of thp ring D, fig. 113, must be moved along the 
line E D, where C D is the lap, plus lead of the valve, and E 
is the position of the centre of the ring when C, F, and E are 
in a straight line and the valve has maximum travel. In 
the figure, CB is the position of the crank, as in this engine 
a piston valve, admitting steam from between the pistons 
and exhausting it at the outside of them, is used. 

The second valve gear is that used in the Westinghouse 
high-speedy engine. The eccentric and flywheel governor 
are shown in figs. 116 and 117, the former showing the sheave 
in the position for maximum travel of the valve, and the 
latter the minimum. The two levers B, B are pivoted 




FiQ. 115. 

at 6, 6, so that when they fly out they pull the sheave C 
across the shaft S about its pivot d. The springs D oppose 
the action of the weights, so that the parts are as in fig. 116 
until the engine is within a few revolutions of its full 
speed The centrifugal force of the weights then over- 
balances the force of the springs, and the throw of the 
eccentric is reduced, while the angle of advance is increased. 
In fig. 118 A B is the greatest travel of the valve, and 
G C E the angle of advance of the eccentric when it gives 
the valve this travel ; E D, an arc of a circle, is drawn with 
a radius equal to the distance from the centre of c^ to the 
centre of the sheave, fig. 116. The lead thus increases with 
the number of expansions, for if C H is the radius of the 
lap circle, CD - OH is the lead when the centre of the 
sheave is at D, while C L — C H is the lead when the centre 
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is at E. To find the points of admission and cut-off when 
the throw is C F, make K H M a tangent to the lap circle at 
H, cutting a circle through F in K and M ; then C M, C K 
are the positions of crank at admission and cut-off. 

In another form of expansion valve gear there are two 
valves ; one of these is an ordinary slide valve, and the 
other moves not on the back wi this valve, but over fixed 
passages A, B, fig. 119. The cut-cff is altered by chanoring 
the angle of advance of the expansion eccentric. When 
this is the same as that of the distribution eccentric, the 
cut-off and admission by both valves will be simultaneous, 
if both valves have the same travel and outside lap, but 
when the angle of advance is increased, both admission and 
cut-off by the expansion valve will be sooner. 

In fig. 120 B C E is the angle between crank and distri- 
bution eccentric, and the latest cut-off is when the crank is 
at C G ; when the angle of advance of the expansion 
eccentric is B C F minus 90 deg., cut-off is at C H. 

The Buckeye Valve Geab. 

In this valve gear the expansion valve works on the back of 
the distribution valve, but by an arrangement of links its 
relative motion is so arranged that it is always equal to 
twice the throw of the expansion eccentric. Fig. 121 explains 
this. Here g is the distribution eccentric which drives the 
distribution valve direct by means of the upper valve 
spindle, within which is shown the expansion valve spindle 
which is actuated by the lever fdc,d being a pivot on the 
lever e &, whose fulcrum is e. Neglecting obliquity, the point 
d has a horizontal displacement in the same direction as the 
distribution valve and of half its amount, andas/c^ = dc^ 
f is moved forward a distance equal to twice the movement 
of d from its middle position, added to the motion of c from 
its middle position, this latter, however, being reversed in 
direction. Hence the relative motion of the expansion 
valve to the distribution valve is equal and opposite to the 
horizontal projection of ^'s motion from its central position. 
In order to vary the cut-off, the angle of advance of h is 
altered, and the expansion valve diagram is shown on fig. 121 ; 
the nearer C E comes to C A, the earlier the cut-off C H. 
Forms of this valve are shown in figs. 122 and 124, and a valve 
diagram, with ordinates, valve openings, and abacisESB parts 
of the stroke, in fig. 123. 
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Stevenson's Link Uotion. 
An approximate solation for thia is ahown in fisB. 135 and 
126. u the link be open-armed — that is to sav, if the crank 
pin ia at its furthest from the cylinder when the arms do not 
cross — the construction ia shown in £k. 1S5, bntif the arms are 
crossed, in fig. 126. Dntw C L, C L', L L' equal to the lengths 
of rods and links respectively, and C E, C E' to repreannt 
the positions and throws of the eccentrics. Draw EDB 
perpendicular to CL, and draw an arc EBE'. Then, if 



EB be divided in any ratio at e'e'e" and L in the same 
ratios, the lines C «' C e" C e"' give the equivalent eccentrics 
when the block is in the link at the second three points. 

By equivalent eccentric we mean that which would give 
to the valve a motion very similar to that which it actually 
has. 

It will be noticed that the lead ia greatest in mid (tear if 
the arms are open, and least if they are crossed. When a 
link motion lias been designed, an exact method of drawing 
the motion of the valve for any position of the reversing 
lever is shown in iig 127, and is due to Messrs. Coste and 
Mnniquet. 

Let be the shaft and of a d b the link work, while kgia 
the suspension link. Make a template r st, whose arc r s is 
struck with a radius equal to that of the eccentric rod. 
Mark off O equal to this radius, and draw of, o b' parallels 
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Now, if a number— say 16 positions of each eccentric — be 
marked, and arcs drawn through all such points as /', U in 
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the manner described, and a tracing of the centre line of the 
link agdhe applied to the figure, so that a and d lie on the 
arcs, and g on the circle whose centre is ^, then the valve 
block is at p^ and the motion of this is the motion of the 
valva It will therefore be unnecessary to draw O/, 06, /a, 
fd^ and thus much space is saved ; but the horizontal dis- 
tance of h from the right-hand O is less than its horizontal 
distance from the left-hand O by an amount equal to the 
length of the eccentric rod. 
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Corliss Valve Gears. — The principal Corliss gears may be 
divided into two parts, viz., those that operate the steam 
and exhaust valves by one eccentric, and those that use two 
eccentrics In the former, the cat-off cannot be mnch later 
than one-third of the stroke ; while in the latter it may be 
anywhere, bat is asaally not later than 80 per cent of the 
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stroke. A Corliss cjr Under is shown in section in fig. 128''^, 
and in side elevation in fiar. 129. "^ The steam valves are A, 
the exhaast B ; both oscillate, bat the former are broaght 
back to effect cat-off by the springs C, C, when the jaws 
D, D are opened by the crosspiece i, fig. 130, and the part e e 
to which the end of the valve lever is connected is released. 
The inclination of i depends on the position of the levers U 
which are controlled by the governor, so that the cat-off 
may be altered. The eccentric rod F operates the wrist 
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plate L, and there may be two wrist plates and two eccen- 
trics if desired. The following theoretical treatment of the 
sabject is sammarised from articles by Mr. James Dunlop, 
pablished in The Practical Engineer of Jane 24th, 1892. 

The motion of the valve is supposed harmonic — t.^., the 
same as woald be produced by a crank and very long con- 
necting rod, and in fig. 131 A B is equal to the travel of the 

* From Holmes' "Steam Engine." 
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valve, and, to a smaller scale, the line of stroke ; the direction 
of rotation is anti-clockwise, and M O + O L is the overlap 
of the valve when it has been drawn over the port by the 
spring. This is equivalent to what is generally termed the 
outside lap plus half the valve travel, so that chords of the 
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circle O E drawn through O represent for each crank position 
the distance of the valve from the commencement of the 
stroke, less O M. If we draw the line O F through the points 
of intersection of the circle, whose radius is O L, and that 
whose diameter is O E, we have the crank at admission, and 
if L J is tJie width of port, it is full open when the crank is 




Fig. 130. 



at O G, so that J B is the part of the stroke traversed before 
the port is fully opened. If there were no tripping, the cut- 
off would be at O P ; but as tripping must occur before the 
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yalve reaches the end of its stroke, the latpst cut-ofi must be 
when the crank is at O E or the piston at M. 

Now, much of the advantage of automatic expansion over 
throttling lies in the fact that engines can be " over-loaded '— 
i.e., work at a less expansion, and therefore higher power, 
than that which is most economical, and for which the 
cylinder has been designed. Unnecessarily idle plant is 
thereby saved, with consequent reduction pf capital expense. 
Hence an arrangement in which two eccentrics are used, so 




that the angle of advance of the eccentric that drives the 
steam valves need not be fixed to suit the exhaust valves, is 
preferable. The angle of advance of the exhaust eccentric 
ma^ be made to suit the points of exhaust and compression, 
while the steam eccentric should lead the crank by an angle 
equal to A O M or E O B, fig. 132, which angle is fixed by the 
latest cut-off we wish to have. Thus, in the figure, A K is 
eight-tenths of A B, so that the latest cut-off is at eight- 
tenths stroke, rotation being clockways. On O M describe a 
circle, and draw O F, the crank at admission ; this 
determines AN, which is the overlap of the steam valve 
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when pulled back by the spring ; for it will be clearly seen 
that the parts of the radii intercepted between the circles 
M O and M E B are distances the valve has moved from the 
end of the stroke for any crank position. The port opening 
is the part of the diameter of the circle lying between the 
circle NTV and the circle OM. Thus, at the crank 
position O G the port opening is T H, where H is on T O 
produced. Of course this cannot be greater than the breadth 
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of the port. The valve reaches its extreme travel when the 
crank is at O E, and tripping cannot be later than this. In 
designing the valve gear we may assume the angles of 
admission and cut-off, draw a circle with any radius O A, and 
thence find what A N and the width of port would be with 
the half travel O A, assuming, of course, some crank 
position for full port openiug. Then, for the desired port 
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opening, we can find the travel by simple proportion, and 
also the actaal length of A N. 

Hackworth and Bremrn£i Valve Gears,^ — In fig. 133 are 
shown the above valve gears. In Haokworth's the valve 
rod, which at its upper end is connected to the valve spindle^ 
is H E, and in Bremme's it is D R. In the former case the 
centre line of the eccentric A B is opposite the crank, while 





Fig. 133. 
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in the latter it is on the same side. The point F can have 
any position on the arc F G strack with centre 0, but for a 

?;iven ratio of expansion is a fixed point The farther F is 
rom C K, the later is the cut-off, and the engine is reversed 
by shifting F C to G C. This rod is called the radius rod, 
and if to tne left of K the point C swings in the arc L M, 
and £ and D trace out oval curves, the vertical displacement 
of whose points above and below the line A C, which is at 
right angles to the line of stroke, give the ui)ward and 
downward displacements of the valve from its middle 
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position ; so that if P Q be drawn parallel to A C, and at a 
height above it equal to the outside lap at the lower end of 
the valve, then the height of D above P Q gives the port 
opening at the lower port. It can readily be seen that for 
any position of F C we can find the points of cut-off, exhaust, 
compression, and admission. The proportions given by the 
inventor for Bremme's valve gear are as follow, if the length 
A B is r ;— 

The eccentric rod B C is 6 r. 

The radius rod F C is 6 r. 

The lead arm D C is 4*5 r. 

The deviation angle F C K should not exceed 25 deg. 

The outside lap is '6r, and the inside is negative, and 
'0071 r. In the position of F C shown, the crank will rotate 
in the direction of the clock if the valve is moved by E, and 
in the opposite direction if moved by D. 

The curvature of the path of C, and the obliquities of 
BC, H£, and BD, have considerable influence on the 
motion of the valve. 

We shall first consider the case in which the path of C is a 
straight line perpendicular to F C, whose inclination to the 
vertical we will call a, fig. 134, arid that B C is so long that 
the horizontal displacement of £ is the same as the hori- 
zontal displacement of B. 

Let B be the angle that A 5 makes with AB, and let 
A B = n Let x be the horizontal displacement of 6 and of 6. 
Then 

X — r sin Q. 

Let y be the vertical displacement of 6, and, therefore, the 
distance of the valve from its mid-stroke. 

y ^mx ■\- ~(r cos Q - mx\ 
n 

where m is tangent of the angle c C A, and 

n = — - . 

y ^ rq sin (d + a), 

where g cos a = m — ~ 

n 

g sin a = - . 
n 



J 



I m'^ in - ly^ + I 



n^ 
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and the valve is moved exactly as it would be if it were 
driven by an eccentric of throw r . g, whose angle of advance 
is a. When B is zero or r, 

y ^ ^ rq sin a . s= =fc r 

n' 

so that the lead is constant ; and as 

rq — ~ cosec a, 
n 

the action of the gear in altering the grade of expansion is 
similar to that given by the movement of the equivalent 
eccentric at right angles to the crank. 
In the case of Bremme's valve gear, we have 

a: = r sin B 
y ^mr sin 9 - p(r cos B, - mx) 

where /, = gP. 

y » r g sin (^ + a) 
where q cos « = w(l + p). 

q sin a = - ;?. 



so that this gear, also, is similar to the preceding case. 

The subject of radial valve gears, however, is extremely 
complex when the effects due to the obliquity of the rods 
and the curvature of C's path are taken into account. These 
are thoroa^hly discussed in a paper by Mr. Joseph Harrison, 
published in the Proceedings of the Institution of Civil 
Engineers. 

Radial Valve Gears. 

In the design of valve gearing it is desirable, as far as 
possible, to secure conditions giving similar distribution of 
steam on both sides of the piston. O wing to the shortness 
of the connecting rod, the motion of the piston is not 
symmetrical in the advance and the return strokes ; in the 
former — namely, that in which the movement is towards the 
crank shaft — the piston is more or less in advance of its 
harmonic position ; that is, the one corresponding to an 
indefinitely long connecting rod, while in the latter the 
piston is behind such position. 
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If the valve is driven hj an ordinary eccentric and rod, 
the obliquity of the latter la usnally so small as scarcely to 
affect the harmonic motion of the valva In an engine 
working under these conditions the result is, that if the 
valve is set with equal leads or port openings on the two 
sides, the point of cut-off is different in the two strokes, 
being later, and therefore causing a greater average pressure 
in the advance stroke. In the inverted vertical engine, the 
inequality in the acting forces arising from this cause is 
augmented on account of the weight of the reciprocating 
parts, and of the loss of area due to the piston rod, so that 
in marine engines it is common to give more lead at the 
lower than at the upper edge of the valve ; but this unsym- 
metrical setting can be employed to an extent which is only 
partially effective in equalising the cut-off, for it introduces 
an inequality in the maximum port opening, as well as in 
the point at which steam is admitted to the two sides of 
thfl piston. 

When a link motion or radial gear is used, irregularities 
in the motion of the valve are introduced, which may either 
increase or diminish the evil effects due to the shortness of 
the connecting rod, and, under favourable conditions, may 
aflord an opportunity of obtaining partial or complete 
compensation. 

In this paper, the nature of the rec^uired compensation is 
first examined, and then an analysis given of the motion 
of the valve in several typical forms of radial gears. The 
investigation shows how far the respective gears are capable 
of {siving symmetrical steam distribution, and rules for their 
design are deduced. A method of determining the velocity 
of the valve at any point is also shown. 

The valve diagram of Keuleaux, as modified by Grashof 
and by Coste and Maniquet,^ is the one best suited to the 
purpose, and will now be briefly explained. 

Fig. 135 is a diatrram of the mechanism of a horizontal 
engine where C K, K L represent respectively the crank and 
connecting rod, and C P, P Q the eccentric radius and 
eccentric rod. 

Since the motions of the piston and valve are similar to 
those of L and Q, it is seen that the displacements for mid- 
position, for any crank angle ^, are equal to the distances, 
measured parallel to A C, of K and P respectively from the 
circular arcs b 6,' d d\ struck with radii equal to L E, Q P 
respectively. 

* Traits th^orique et pratique des Machines h Vapeur au poiat de vue de la 
distribution. 18S6. 
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In Beuleaux's valve diagram, fig. 136, a circle of reference is 
taken, representing the path of both crank pin and eccentric 
centre, each to its proper scale. C A is the position of the 
crank at the beginning of the advance stroke, the direction 
of rotation being from A towards K. C D is a line set back 
from C A an amount equal to a, the angular advance of the 
eccentric. The radii R and B/ for the arcs b h\ d dl are 
respectively E = /i * C A and H' ~ i^ ' C A, m and v being the 
ratios 

connectiTiflr rod ^^^ eccentric rod 

and ^ . — 2,. 

craiiJi eccentric radius 

Suppose, now, the crank to have turned through an angle B^ 
and to be in the position C K ; then, comparing iigs. 135 ana 
136, it is seen that K m is the displacement of the piston from 




h ^ 
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its mid- position, and K n that of the valve ; if the connecting 
and eqcentric rods were of infinite length, the corresponding 
displacements would be K M and K N ; the deviations from 
harmonic motion for the position K are therefore equal 
respectively to M m and N n. It will be convenient to refer 
to the harmonic displacement as primary, and to the deviation 
as secondary. 

Expressed analytically, putting k for the length of the 
crank, and /> for the eccentric radius — 

primary displacement = K M = A; cos B (1) 

C M^' 
secondary displacement = - Mm = "" YTr~~M 

= _ CM« nearly = - /sia^ . .... (2) 
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the approximation being equivalent to sabstitnting for the 
circuUr arc 6 6' a parabola having the same radius of curva- 
ture at C. The actual displacement of the piston is then 

■ytcos^ --A_sin2^, 

For the valve the corresponding expressions are — 
primary displacement = A = K N = p sin (^ + a) . (3) 

secondary displacement = 5 = N » = -^ cos^ {d+a) , (4) 

2 p 

the actual displacement being the sum of the two. 

In order to illustrate the relative magnitudes of the 
quantities dealt with, it may be stated that for a connecting 
rod four cranks long, B 6 = 0*1270 h—i.e.^ the greatest value 
of the deviation of the piston is 12*7 per cent of the crank 
length ; and the maximum error introduced into the calcu- 
lation of this deviation by the substitution of a parabola for 
the circular arc h h' is about 1^ per cent of B 6, or only i per 
cent of the length of the crank. 

Fig. 137 shows Reuleaux's diagram, set out po as to give the 
port opening K % for any crank-pin position K ; i8\ ss are 
circular arcs drawn with radius E' = v * C A, the same as 
that for d d\ and distant from the latter by the amounts C F, 

b B 





Pig. 137. 

C G, equal respectively to the advance and the return laps. 
It will be convenient to call D D' and d d' the displacement 
line and displacement curve, and < %' the steam curve. 

The efiect of altering the length of the valve rod is 
equivalent to increasing the lap on one edge of the valve, 
and diminishing by an equal amount the lap on the other 
edge, and could be exhibited on the diagram by suitably 
shifting the arcs s z\ 8 s'. The effect of any play in the joints 
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<;oald alflo be shown by an alternate lateral shifting of s «' 
when reversal of motion takes place. 

The next thing considered is the problem of finding the 
motion of the valve reqaired for symmetrical steam distri- 
bution with eqaal m^ixitnam port openings, and one solution 
occars if the relative simultaneous displacements of piston 
and valve are at all points the same as if both had harmonic 
motion. 

Let a be the angular advance for the primary motion of 
the valve, and D D', fig. 138, the corresponding displacement 
line. If the motion of piston and valve were both harmonic, 
then for any crank-pin position K' the displacements would 
be respectively K' M' and K' N' ; bat owing to the shortness 





Fig. 138. 



Fig. 189. 



of the connecting rod, the crank pin is at K when the Diston 
Hisplacement is K' M', where K is taken such that Km = 
K' M' : if, now, K n be made equal to K' N', N n will be the 
secondary displacement of the valve, and the locus of n 
the secondary displacement curve reqaired. Expressed 
analytically — 



N» = K'F = KK'co3KK'F = 

cos (a -H 0) 



KG 



= M w 



sin 

C M2 COS (a + 0) 



sm0 2K 

C K* 8in2 cos (a + 0) 



cos (a + 0) nearly 
nearly 



biu 



or 



b = 



2AfCA-sin^ 

- — sin ^ cos (a + ^) 

2m 

where, as before, is the crank angle, p the radius of the 

connectine rod 



(6) 



•eccentric, and m the ratio 



crank 
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This curve is set out to scale in fig. 139, for the case in 
which A^ — 4 and a = 30 deg., as is also the corresponding 
velocit jT carve, to be explained subsequently. 

It will be of advantage to consider separately the com- 
ponent eccentrics a and 6, obtained by resolving p in the 
direction of the crank produced backwards, and perpen- 
dicular thereto, the respective values bein^ a = p sin a and 
6 = p cos a. The displacement A due to p is then equal to 
the algebraical sum of the displacements X and Y, corres- 
ponding to a and 6, as is seen from the equation — 

A = P sin (a + ^) = a cos ^ + 6 sin ^ (6) 

The compensating secondary displacements x and y for a 
and h can be found by the method previously given, or 
obtained from equation (5) by putting a » 90 deg., p = a for 
the former, and a &= 0, p = 5 for the latter ; thus — 



a 



a? «= - — ^ fiin^ d 
2fi 



y = i!_ sin 2 ^ 
4m 



(7) 
(8) 



and it is easily seen that S = x + y. 

These curves are drawn to scale in fig. 140, for the data 
/x =: 4, a = 30 deg. In the figure the same reference circle is 
taken for both a and 6, requiring different scales for X and 
Y, but the secondary displacements x and y are set out both 



6 a 





Fig. 140. 



Fig. 141. 



to the same scale, viz., that on which the radius of the 
reference circle represents p, this being convenient for 
summation and for comparison with fig. 139. The curve for 
;r is a parabola, concave towards A ; that for y a looped 
figure, closely related to the parabola, as will presently 
appear. 

llM 
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The velocity of the valve, which it is important to take 
notice of, oaa be readily indicated on the diagram. 

Suppose the motion of the valve known and the displace- 
ment carve drawn. Take two adjacent positions E, K\ fig. 
141, and draw K L parallel to nn' ; then K' L, the difference 
between K' n' and K», is equal to the movement of the 
valve whilst E moves to K', or— 

velocity of valvw _ K'L K ^ 
velocity ot K K K' " C K ' 

where Ktis drawn perpendicular to K' L, and C ^ to E L, or 
in the limit to the curve at n. Patting (a for the angular 
velocity of the crank shaft, the above equation may be 
written — 

velocity of valve = velocHy^lK g- ^ ^ ^ g-^ 

The line E E' drawn perpendicular to D D' may be called 
the velocity line, and the locus of t the velocity curve. E T, 
which is at right angles to E E', represents the velocity of 
the valve for harmonic motion, T t being the alteration due 
to the secondary displacement Expressly analytically — 

primary velocity =» V = w . ET = « . p . cos (a 4- ^) 1 /gx 
secondary velocity «=t;»»w.T< /^' 

In particular it is seen that, with harmonic motion, the 
velocity of the valve at cut-off is equal to the angular 
velocity of the crank shaft multiplied by half the length of 
the steam linn S S', fig. 150. 

The method just explained is now applied to ascertain 
how the velocity of the valve is influenced by the secondary 
•displacemnnts previonnly considered, which give symmetrical 
steam distribution. The velocity curve is shown in fig. 139, 
being determined graphically from the displacement curve 
in the way explained. Its equation is obtained as follows : 

From equation (5) N 71 = ^ sin cos (0 + a), also C N = 

T t 
P cos (^ + a) ; therefore (fiaf. 141) ^^j— — tan T c « = tangent 

of the angle which the curve at n makes with C N » 

dO^n) ooR (20 + a) . 

- rf("CN) " 2 A*" sin (^ + a)' 
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also C T = p sin (d + a) from which T ^ = /- cos (2 ^ + a) : 
and the equation to the secondary velocity car^e is— 

V ^ <v.Tt =- o> . J-G0i(2e + a) . . . . (10) 

2 M 
Expanding the right-hand side, this may be written— 



2/x 



v = u, -I— (cos a COS 2 ^ - sin a sin 2 ^) 



w or. 



U) 



= - -— 81Q 2 ^ + COS 2 6 , = Vj + Vjc 

2 fi *Zfi 

having regard to sign, where 

vy = - ^sin 2 6 (11) 

2 ^t 



Vx = COS 2 ^ 



(12) 



vy and va; being the secondary] velocities corresponding 
respectively to the deviations for the component eccentrics 
a and h. The values of vy and vx are set oat in fig. 142, and it 





Fig. 142. 



Fig. 143. 



will be seen that the looped curve and the parabola again 
present themselves. 

From an inspection of fij;. 139 the influence of the secondary 
displacement in modifying the velocity of the valve can be 
traced. It is observed that the effect is opposite in the two 
strokes, a quicker cut-off, or admission, in the advance 
stroke, implying a correspondingly slower one in the return, 
so that, on tlie whole cycle, no advantage is obtained in this 
respect 
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All the expressioDs hitherto obtained for d and v will be 
found included in the general formula A . sin (2 ^ + ^) + B, 
suitable values being given to A, B, and ^. Figs. 143 and 
144 have been drawn to illustrate the geometrical properties 
of the curves. In fig; 143 the case where S x sin 2^ d, as in 
equation (7)i is set out on the base lines A A', BB', and 
on two others inclined at 45 deg. to them ; and in fig. 144 the 
same thing has been done when S x sin 2 6, as in equation 
(8). These figures show the close relations and reciprocal 
properties of the looped and parabolic curves, and also 
suggest, as will afterwards appear, that the disturbance, 





caused by the obliquity of an oscillating rod, may be 
balanced by that due to a rod at right angles to it or 
inclined in some other direction. 

Fig. 145 further illustrates the subject CP is a rod, 
centred at and rotating uniformly, or oscillating about 
C M in Buch a manner that F M varies harmonically. S is a 
X block, sliding in the groove, with harmonic motion relative 
to C P, of the same period as that of C P, and imparting 
motion through S T to a valve, or other reciprocating pieca 
Assuming ST to be of considerable length, so that the efii'ect 
of its obliquity may be neglected, it is easily seen that 
under these conditions a deviation d = Asin (2 ^ + \^) + B 
is given to the reciprocating piece. In particular it is to be 
noted that when the phases of S and CP agree, doc sin^d; 
and that when they differ by 90 deg., dec sin 2 6, An 
example of the latter is seen in Morton's valve gear. 

If S T drive a valve, the elements of the motion of S, in 
the groove for complete compensation, can be obtained from 
equation (5) by suitable transposition. 

The next problem examined is that of the motion of aa 
intermediate point in a connecting rod, or other similarly 
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moving piece, which motion is often utiliaed in actuating 
the slide valve. In fig. 146 S is the point taken, the path of 
which is drawn, and is seen to be approximately an ellipse. 
Considering separately the vertical and the horizontal 
displacements of S from mean position, for the former 



SM 



2 






which, being proportional to F N, is harmonic ; and for the 
latter 

SMj-P'M -GH, 

which is approximately harmonic, the deviation G H being 
relatively small when the obliquity of P Q is not excessive. 
Taking ABA' as the reference circle for the component 




Fio. 146. 

displacements of S, then P N, measured on a suitable scale, 
will represent S Ng, and Pm is made equal to SM2. The 
locus of m is an elliptic arc, since 

Mm = GH = |^.KL; 

but it may be drawn with sufficient accuracy as a circular 
arc having a radius equal to 



PQx 



Pa 



7 > 



or, expressed analytically, by the parabolic approximation, 

(13) 



Mm= -^-^^.ain^^ 



PQ 2m 
All the three curves have the same radius of curvature at C. 



166 HAGKWOBTH-MABSHALL GEAK. 

If the poinf Q be guided by a radius rod, and move in a 
flat circular arc a^, a\, radius r, instead of in a straight 
line, the vertical displacement of S will be aflected by the 
amount 

P S 

^.Q», very nearly, 

and this is approximately represented on the diagram by 
the arc a a\ similarly placed, but struck with a radius 

the scale for M n then being the same as that for M m. The 
horizontal displacement of S will also be altered ; but, 
except when the obliquity of P Q is great, the alteration 
may be considered as a small quantity of an order hTghcjr 
than secondary, and therefore is not taken into account 

Coming now to the more immediate object of this investi- 
gation, it is known that in a valve driven by radial gear 
the deviation from harmonic motion is not great An 
accurate analysis is impracticable, if not impossible, on 
account of the complexity of the equations thereby intro- 
duced ; and the following approximate method is adopted, 
based on the principle of the superposition of small quanti- 
ties : First, the elements of the primary displacement are 
found on the assumption that the vibrating rods are verv 
long ; next, the secondary displacements are estimated, each 
one separately, as if it alone existed for the time, and these 
are added algebraicaUy. With the proportions of the parts 
usually met with, the results so obtained are sufficiently 
accurate for practical purposes, without goin^ to a third 
approximation, and will be found of substantial assistance 
in the design of valve gears. 

Hackwobth-Marshall Gear. 

The type of radial gear which naturally comes first under 
consideration is the Hackworth, as moaified b^ Marshal), 
and shown diagrammatically in its two forms in figs. 147 
and 148. P is an eccentric set in line with the crank ; Q 
is constrained to move along the arc F G, either by a radius 
rod or slide ; alteration of the cut-ofF and reversal of the 
engine are effected bv turning FjG about O, O being the 
position of Q when the engine is on either dead centre. It 
is necessary to distinguish between forward and backward 
rotation, and for the present purpose it is sufficient to 
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define the former, shown by the arrows, as that in whioh^ 
during the advance stroke, the crank pin is on the same 
side as the valve. 




Fio. 147.— Hackworlh-Marshall Gear. Form I. 

The following symbols, some of which have been previously 
used, are placed here for convenience :— 
k = radius of crank. 
fi = ratio connecting rod to crank. 
c *B radius of eccentric. 
= angle of crank from initial position C A. 
=^ angle of connecting rod. 
^ = angular velocity of crank shaft. 
8 » lengUi of P Q. 
p = length of P ». 



16S 



HACKWORTH-MAKSHALL GEAE. 



r = 

18 = 
P = 



a 

a 

b 



length of Q S. 

leDgth of radius rod S H. 

racUns of F G. 

incliDatioD, at O, of slide F G to C O. 

radins of virtual eccentric for the primary 

displacement of thn valve. 
anp;le of advance of virtual eccentric p. 
P sm a B component of p parallel to crank. 
P cos <t = component of p perpendicular to 

crank. 




Fio. 148.— Huckworth-Marshall Qear. Form II. 



r* Primary Displacement — Referring to fig. 147, it is seen 
that 

_SQ ni.* . SP 



ST = 



PQ 



.PM + 



FQ 



.QL 



(14) 
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Now, F M s= c C06 0, and also, when the rods are all very 
long relative toCP, QL = OLtan/3 = PNtani3 = cBin(? 
tan Py so that, for the primary displacement, substituting 
in (14) 

A =£.c.cos ^+-5.c.tan/38in ^ . . . . (15) 

8 8 

comparing with which equation (6), the elements of the 
virtual eccentric are found, viz. : 

a = ^.e (16) 

8 

6 = ?ctan ....... . (17) 

8 

p Ja^ + b'' = ~ J q' + p^ tan'-* /S • • (IS) 

also tan a = f = ^ cot /3, 

p 

or tan a . tan = ^ (19) 

P 

From these equations it follows that a, which equals 
lap + lead, is constant, so that the lead is also constant, 
and, further, that h is proportional to tan ^ ; the locus of 



( 




f\lMtul 




FiQ. 149. 



Fig. 150. 



the virtual eccentric centre is therefore a straight line, 
perpendicular to the crank, as shown in fig. 149; this 
property is common to a great many radial and other gears, 
and Reuleaux's diagram for the case is conveniently set out 
thus :— 
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Take any reference circle, fig. 150, and, with and A as 
centreB, draw circles with radii respectively proportimial to 
the lap and lead, and find H, the intersection of common 
tangents to these circles ; the steam line S S', for any setting 
of Uie gear corresponding to CP, fig. .149, is then drawn 
through H, in direction snch that the angle A KS is eqaal to 
B C F, fig. 149, the angular advance of the virtual eccentric. 





>c 


1 
1 

• 
• 


1 


5!w^-— ri" 


V I 


\^ 


\ 


T 



Fio. 151. Fio. 152. 

The velocity of the valve at admission or cnt-ofi, as 
previously shown, equals w . -^^ = w x CF. tanSCF 



« X 



— » 

lap X tan ^ , and so, for any setting of the gear, is 

proportional to the tangent of half the angle subtended by 
the steam line at the centre of the reference circla The 
same reference circle being used for all settings, the scale 
must vary, and is readily found for any iHMdtion, since C F, 
the perpendicular on the steam line, represents the lap. 
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Secondary DispLacerMnts.—iXl Considering first the link 
S n, fig. 147, and assuming all the other rods to be very long,, 
the secondary displacement due to the oscillations of this 
link is 

3, « £i!!_ = ^sin^ e (20) 

^ 2SH 2r ^ ^ 

(2) In estimating next the effect of the radius rod, r or 
curvature of FG, as compared with a straight slide, the 
usual assumption is made as to length of the remaining rods ;. 

then, fig. 151, Q D = Q E seciS = ^^^sec^ - (OLsecft^ 

2r 
8, = - P Q D - - ?4^?f2!i 8in« « . . (21) 

(3) and (4) The last disturbance to be examined is that 
due to the obliquity of the rod P Q, ^ and r being supposed 
indefinitely long. 

In fig. 152, Q Qo is a circular arc, centre P, radius P Q or )»,. 
so that Qo b the position of Q when /3 -> 0. Take O E » P N, 
and draw EY and the other lines as shown. Also with 
centre O, radius 8, draw the arc A D A'. Then the deviation 

from harmonic motion due to the obliquity of F Q » ^ 

(L Q - E V) = Ss + 54, say, where «» = - ^ V W, 5* = - 

s 

PJJZ. 

8 

Now, V W = WU tan iS = Qo E tan /3 = Nn tan /3 - ^- 

28 

(1 - C082 ^) tan i3 = ^ tan i3 sin^ B; andUZ = QZtan 

2« 

f. ,w. PM.^. EV.PM. „^„^,^, PN.PM 
P = ^^0 . -rrpr- tan p = tan p nearly = 

r i<lo 8 8 

c^ 

tan*^ j3 a ^tan^ /3 sin 2 ^; inserting these values in the 

a 8 

expressions for ^3 and ^4, 

^3 = - ?!^!*^8in2d- - ^sin2^ ... (22) 

_ p^tan2^^.^2d ^ ^ f-8in2^ . . (23) 
2s^ 2p 
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Keviewing these results, it is seen that d^ is independent 
of /3, and ^2 nearly so, unless /3 be exceptionally lar^e, so 
that a relation between I and r can bo found, for which d^ 
and $2 nearly neutralise each other for all settings of the 
gear. The analysis, however, shows that the proportions 
may be arranged so that d^ and ^2 ^t^^Q a resultant equal to 
^^ equation (7), where x is one component of the compensa- 
tion required on account of the obliquity of the connecting 
rod. 

This result is secured when d^ + average value of ^2 = a?, 
or 

f + £ . 1 = r . i + '^'p ..... (24) 

I c fi r 2 

an equation applicable without change to both formsi of the 
gear, and from which the relation between I and r is to be 
calculated. 

It should be observed that the equations refer to forward 
rotation of the first form of the gear, fig. 147, and that 
•corresponding values of the second form, fig. 148, can be 
deduced by changing the signs of e, g, and /3. It is also to 
be remembered that for backward rotation ^, /3 and 6 are 
negative. 

The deviation dg, due to the unsymmetrical oscillation of 
<^ on each side of 0, can be balanced for any one value of /3, 
but not for a range of values, and to effect the former the 
relation between / and r is to be found from the equation 

^1 + ^2 + ^3 = ^) 

or 1 + ^. . 1 = i?. sec^ /3 4- -^ tan |8 . . . (25) 

C c fi r 8 

the sign of the last term being changed when referring to 
Form II. of the gear. This modification has the efiect of 
increasing the error dg if the engine be reversed, and so is 
only applicable to the case where reversal is but occasional 
If the engine is required to run equally in the two direc- 
tions, it will be necessary to revert to equation (24), and 
leave d^ unbalanced. 

Lastly, $4, proportional to sin 2 d, is advantageous when 
it tends to the value y^ equation (8) ; and ^4—2^ when 

i = - 2Mtan/3 (26) 

c 

for both forms of the gear. Interpreting this equation, it is 
43een that S^ tends to neutralise the inequality due to the 
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connecting rod when the engine is running backwards ; the 
reverse is the case when going forwards. 

It appears from the analysis that the Hackworth-Marshall 
gear is capable of etiecting a very equable steam distribution 
when designed for a special cut-ofT in backward rotation^ 
but that it is deficient in this respect when used for forward 
rotation or for reversal. 

Joy Valve Gear. 

In this gear the eccentric is dispensed with, and the locus 
of the point F2) fig. 153, takes the place of the circle 




Fig. 153. 

described by the eccentric centre. The path of P2 is shown^ 
and if the obliquities of the rods are very smaU, tne curve is 
an ellipse, with semi-axes respectively equal to 

A^A:2 = Q1P2 . cp ^ 2i.;fc and^?^? = Q^ . CP = ?yt, 

the notation being sufficiently indicated on the figure. 

Primary Displacement — If the above values are substi- 
tuted for c in equations (16) and (17), the components of the 
primary displacement are at once deduced, viz. : 

^ ^ Ag A'2 ^ Q2 S ^ qij2 ^ (27) 

2 1^2 ^2 *1 *2 

52^:2. P^- tan ^= -?^* tan ;8 . . (28) 

2 1^2 ^2 S 82 



6 = 
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from which 

tan a tan /S - ?liJ^ (29) 

and the locus of the virtual eccentric centre is a straight 
line, as in the Hackworth-Marshall gear. 

Secondary Displacements, — These are estimated separately, 
as before. 

(1) For the rod S H 

(2) For the curvature of the slide F G 
^^^.(^iJ^yP^l^l^sm^e ^>2l!555!/sin«^(31) 

(3) and (4) Obliquity of rod P2 Qs* The effect of this can 
be found by a method analogous to that previously employed, 
or the result deduced by substituting respectively 

P2i <2) ~ ^^^ /3 for c^, JO, s, tan /3, in equation (22), and 

Mg A'2 \ / Bg B o \ 

P21 '2* ^^^ c^,p, sin equation 23; whence — 

S,^2hpfl^^in^e. , . (32) 

Z S 1 5** 2 

«,= -?J?.ii?*iit«yi!j8m2« . . (33) 

(5) Effect of obliquity of connecting rod. The point Fi 
has a horizontal deviation from harmonic motion [compare 
equation (13)] equal to 

pk^ oiV2 a 

and this, in transmission through the rods Fi Qi, F2 Q2 to 
S is reduced in the ratio 

Pi 0, X P^Q. 



P2 Qi « Q2 ' 
so that 

3,= -Pl^^^Bin^e (34) 
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(6) Obliquity of rod Fi Qi. Comparing the diBplacement 
of F2 from A2 A2' with that of Px from Q C, the latter being 
harmonic, tiie deviation is found equal to 

[aee equation (13)], and in transmission to S this affects the 
valve by the amount 

_ P,P2^^tfmp ^^^^ .... (35) 

(7) Eadius rod Qi J. The effect of this on the valve is 
usually very small, its value being 

5, - ^Ifi-^-sA^ sin2 ^ (36) 

The secondary disturbances have now all been considered ; 
comparing them one with another, and with equations (7) 
and (8), as in the Hackworth gear, the following equations 
ar^ deduced from which to determine the relative propor- 
tions for best steam distribution : — 

5i + average value of ^2 + ^j + 5^ = x, or 

«2^1 + 2i,i + J^,l=^, 1 + aec^ /3 ^ ^ ,gyv 
q2' I «i ' g «i ' c 5^2 * 2r. 
53 + ^6= 0, or 

?i'=Pi«2 (38) 

and ^4 = y, or 

2«g'i tan/3 + «i«2 = (39) 

From equation (37), having previously determined on the 
other proportions, the radius of the slide is found which 
gives the beat average value of the compensation x^ for the 
whole range between full forward and full backward gear. 

Equation (38) expresses the condition that Q 2 shall oscillate 
equally on one side of O, which in the Hack worth-Marshall 
gear is impossible of attainment and would be impossible 
here if the rod F^ Qi were dispensed with, and the end of 
F2 Q2 attached direcdy to the connecting rod. The function 
ot the link Fi Qi is, therefore, to permit of this adjustment, 
as well as to diminish the extent of the swing of F2 Q2. 

From equation (39) it is inferred that the compensation y 
cannot be obtainea except for one particular negative value 
of jc^, and the gear agrees with the Hackworth in this respect, 
working better when running backwards. 
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Morton Valve Gear. 



The analysis will be confined to one form of this gear, 
that shown in figs. 154 and 155, the latter giving the positions 
with the engine on the dead centres. R Q2 is a radius rod 




Pig. 154. 



centred at E, which, together with the attachment at Pi, 
causes Q2 to oscillate in a circular arc ; the point S vibrates 
on each side of this arc owing to the connection between P2 




Fig. 155. 



and T, Q T forming one rigid piece with the crosshead ; 
alteration of the cut-off or reversal are effected by shifting 
the position of the block L in the sector H, the latter being 
fixed to the end of the valve rod. 
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In 6k. 1B4, pat P[ S - e., P^ S = p^, P, Q, = «i, P. Qa = 
i^PiPj =9„QgS-g,,EP,=e, A -length of the tangent 
to the sector at L on the valve rod— i.e., A ^ H L nearly, 
F P, = ?!, F Q ^ «, &c., the reat of the notation being 
BnfBciently clear from the figure. 

Primary Dii^aeement. ^ If C P and Q T be asanmed 
relatively very short, the angular oscillations of the rods 
will then all be very small, and the conditions suitable for 
determining the elements of the primary displacement ; in 
thifl caae Pi and F2 both coincide very nearl;^ with Fo, and 
the point S moves approximately in an elliptic path, shown 
enlarged in fig. 156, of which the semi-axes are 

The motion of the valve is derived from that of S throngh 
the connecting link S L. In the fignre draw throngh L a line 
paraUel to the valve rod, and take C - S L =• ^ then C 0, 
inclined at an angle tan-^- - ^ say to C H, is the mean 
direction of the rod S L 




Draw S N perpendionlar to O C ; then, if the obliquity of 
S L to C O were very small, the displacement of the valve 
from mid-position wonld be 

CN = SM + CMtan^ = CAcoae -n CBBinStani9(40) 
the primary motion of the valve is therefore harmonic, the 
component virtual eccentrics being 

a = CA - ??A; (41) 

6 = C B tan ^ = ^ i tan ^ =■ 2 . ^ . A (42) 
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from which — 

tan a tan /3 = ^jlI? 

q.82 
or > (43) 

tan a = s.q^'l 

and the locus of the virtual eccentric centre is again a 
straight Una 

Secondary Disptacements. — Each of these is treated 
separately, as before. 

(1) Angular oscillation of S L. In fig. 156, with centre L, 
draw arc S n ; then C 71 » O L, and the deviation required 

= JN 71 = ,^-^-7- sec p nearly = —-. sec ft 

that is- i, = g' ^l '^f ^ gin" e (44) 

(2) Effect due to rod Q2 R. The deviation of the valve on 
this account is the same as the lateral deviation of S, which is 

|^thato£Q.or^.P_9; 

fig. 154 ; therefore — 

52 = - ^-pJ^ sin^ e (45) 

^ 2 8'^92r ^ ' 

(3) and (4) Oscillation of the *' spanner " E Pi. 
Referring to fig. 154, the horizontal displacements of Fo 

and Fi from mean position are, respectively, 

kGo^e - JL, ^ Bin2 e and ^ (kcosO - A gin^ 0) ; 

the difference of the two, 

iL.^♦ cos ^ - A C^ - h.) gin« e, 

«2 2 fi \8 »2 / 

representing the horizontal motion of Px relative to Fo, is 
approximately harmonic, since the second term in the 
expression is always proportionately small. This relative 
horizontal motion disturbs the valve only so far as it causes 
the vertical displacements of Fi and Fo to differ, and this 
effect may be divided into two parts, viz., (3) that due to 
the swing of the *' spanner," or the motion of P^ in a 
circular arc relative to the connecting rod, supposing the 
latter very long, and therefore to remain parallel to itself ; 



( 
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(4) that due to the angle of the connecting rod, assuming 
the spanner very long, and the point Fj. consequently to 
oscillate along the axis of the rod Po« 

Deviations higher than secondary being neglected, (3) and 
(4) may be calculated separately, the result being that the 
former (see iig. 155) 

"HP 2 .,2 Z.2 

^ 2E1\ 2«2'c 

and the latter = D G tan = ^^ ^ cos ^ sin nearly, 

q^ J a sin d 
^■i-^Jc cos 

«2 /* 

<f> being the angle of the connecting rod. 
Multiplyiog by tan ^ to obtain the effect on the valve, 

«4 = ?-^^^Bm2e (47) 

(5) Obliquity of F^ S. The vertical deviation of S dne to 
the swing of this roa 

and ^5 = P^ f ^° ^ sin^ e (48) 

(6) Effect on the valve of the deviation in the motion of 
the crosshead The lateral displacement of S, which = a 
cos ^, is derived directly from the motion of the crosshead, 
and therefore has the same proportionate deviation as the 
latter, or , 

5e = - ^2 ^ gii^s ^ _ JL sin2 6. . , (49) 

Sg 2/x 2 fi 

This is therefore exactly equal to x, one component of the 
required compensation, a property common to other gears, 
such as the Waldegg-Walschaert, in which the motion a in 
obtained from the crosshead. 

(7) Obliquity of P2 T. As before, the effect of this is 
small, and is given by 

^^ = 1-I^sin2^ (50) 
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(8) Angular oscillation of reversing rod FL. The effect 
of tnis is to produce a small sliding of the block L in the 
sector H ; if ^ ^ denote the amount of this for any crank 
position B^ then, comparing equations (40) and (42), it is seen 
that the corresponding deviation of the valve is 

56sin^ = ^ .-^. 5^sin^. 

But 

Sh = (valve displacement)^ x ^ = \P^in(a + e)\^ ^^ ^^ 

whence 

53 = pL|iAec^ Bin <? sinM« + ^) (g^j 

2 <fr/ 

This completes the account of the secondary displace- 
ments ; collecting and comparing the results in the same 
manner as before, remembering that d« » x^ the following 
equations are found : — 

Average value of 5^ + S^ + ^7 = 0, or 

1 + SeC^/3 . ^2 1 « ^2 1 /KO\ 

21 82 t 82 r 

also ^3 + 55 = 0, or 

qi^ =Pie (53) 

and ^4 = Vt or 

«i-if (W) 

«2 * 

Equation (52) is to be used for calculating the length of 
the radius rod Qq R« From equation (53) the length of the 
spanner EF^ is determined in order that the effect of its 
oscillation may counteract that of the rod Q2 S, and so 
cause the vertical movement of S to be the same above as 
below the neutral position, fig. 155. In accomplishing this, 
a disturlMince is introduced owing to the angular oscillation 
of the connecting rod ; but this is taken advantage of, since 
it is of the nature required to give the compensation y, 
equation (8), for all settings of gear. To find the proportions 
for securing the best result, equation (54) is used, which is 
equivalent to the condition that D P^, fig. 155, shall be equal 
to half the greatest distance of Fo from the centre line C Q. 

In order to limit the extent of the swing of the spanner, 
DFx may in some cases require to be somewhat greater 
than is here indicated. 
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An examination of eqaation (51) show^s that the nnbalanced 
deviation 8q acts symmecricaUy in the two strokfes, and so 
prodaces no ineqaality in the action of the two sides of the 
valve, even if the reversing rod L F be comparatively short. 

From the analysis, ic is inferred that the Mort)on gear is 
capable of giving an excellent steam distrioution tor all 
grades of expansion. 

In estimating the degree of accaracy attained in these 
investigations, and the relative value of the deviations of 
higher orders neglected in the analysis, it is found tnat such 
deviations can be all expressed in tne torm A sin'^ cos^ + 
B, where m and n are positive integers whose sum is not less 
than three, and A is a small quantity depending on the 
angles of swing of the rods and on the grade of expansion, 
ana is of the order m + n - 1, unless one or more of the 
angular oscillations be excessive. When m + » is odd, the 
corresponding disturbance acts symmetrically in the two 
strokes, and toe eti'ect on the velocity of the valve need only 
be considered ; a deviation of this nature, which increases 
Lhe velocity of cut-off without proportionately increasing tne 
travel, must be looked on as an advantage. Wnen m + niB 
even, the action is not symmetrical, uut the ett'ect is minute 
on account of the smallness of the factor A. The constant B 
is neutralised by simply altering the length of the valve rod. 

In conclusion, the method ot analysis illustrated in ttiis 
article is applicable to link motions and to all gears except 
those in wnich there is no approach to harmonic displace- 
ment, such as trip gears, and arrangements actuated by 
cams. 

The Willans Expansion Valve Gear. 

The Willans engine is single-acting, and the piston rod is 
replaced by a hollow trunk pierced with steam passages, fig. 
157, in which trunk works a piston valve, which is driven by 
an eccentric on the crank pin, so that the motion of this valve 
to the passages is the same as if they were tixed and tne 
eccentric on the shaft. The piston valve forms the distribu- 
tion valve, while tne trunk, which passes through a gland 
on each cylinder top, forms the cut-oli' or expansion valve. 
It will be seen that tne wnole arrangement is equivalent to 
an ordinary slide valve ana a cut-ott' valve, whiun is driven 
by an eccentric having a tnrow equal to the crank, but 
placed at 180 deg. to it, this cut-ott' valve working over 
hxed passages, and not passages in the distribution valve. 
But in Willans' arrangement the clearance is very small 
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compared to what it would be in thU. Cut-off on be 
varied by having the cut-off passages cut in a helix, fig. 158, 
round which a helical sleeve works. The sleeve is rotated, 
which is equivalent to an increase of outside lap in the 



expansion valve. The cut-ofi can also be permanently 
altered by altering the height of the gland in throttling 
enginee. 
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CHAPTER XVI. 

On the Disturbances Caused by the Moving Parts op 
Engines, and the Methods op Balancing them. 

When an engine is at rest, whatever force may act on the 
piston, the forces on the engine as a whole are in 
eqnilibrinm ; bnt when it is in motion some of these 
forces are causing acceleration or retardation of the moving 
parts, so that they are not in eqnilibrinm, and these forces, 
continually changing in magnitude and direction, produce 
vibrations which in some cases it is necessary to reduce as 
much as possible. 

We shall first consider (fig. 159) the case of an engine 
having two cranks at right angles, the centres of whose 
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Fig. 169. 



cylinders are 2c ft. apart, and whose stroke is 2p ft. Let M 
be the weight of the crank pin and of one of the webs ; let 
<a be the angular velocity of the crank. The centrifugal 
forces produce a resultant — 

acting through the centre of the shaft midway between the 
cranks, and inclined at 45 deg. to each crank. It also 
produces a coupl( 



M 

9 



P^'^c J2. 
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For let F, F be the centrifugal forces, fig. 161 ; these may 
be resolved into forces at right angles at 45 deg. to F^ F, 

namely, -^, -^, and G, G. 



IJ: = G = 
2 



M;o(o2 ^2 



9 



F, F, 
The forces G, G form the conple, and -^, -^ the resultant 

force Fj. 

As the acceleration and retardation of the connecting rod 
is difficult to calculate, it is usual to divide its weight into 
two parts. The large end and half its length are supposed 
to be collected at the crank pin, and the remainder at the 
crosshead. Let, now, M represent the weight of crank pin, 
one of the webs, the large end of the connecting rod and 




Pio. 161. 



Fig. 162. 



one half its length, instead of the first two alone. The 
reciprocation of the piston rod, and, according to our 
supposition, a part of the weight of the connecting rod, 
subtracts from the effective pressure of the steam on each 
piston a force 

F, = { cos . + ni(co^- ''^-sinY) + Bin^n M . 



Where Mi is the weight of the reciprocating parts, ^ is the 
angle made by the crank with the line of stroke, and n the 
ratio of the length of connecting rod to crank, so that with 
a very long connecting rod 

F2 =^lpa;2cOS^. 
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If ^ be the angle made by the following crank with the line 
of stroke A B, fig. 162, then the two forces F2, F2^ produced 
by the reciprocating parts are equivalent to a resultant 

Fa = Mipco2(cos^- sin^), 
g 

and a couple in the direction shown by O in fig. 162, which 
is equal to 

T = Ml c p (o2 (cos d + sin e). 
y 

Fg is the greatest 'when = - 45 deg., when it equals 

and T is greatest when = 45 deg., when its value is 

In locomotives it is usual to partially balance by means of 
weights placed on the wheels, and we shall first show how 
to find the position and magnitude of these balance weights. 
These are so arranged that their centrifugal force neutralises 
the couple T when ^ = 45, and also F3 when ^ = 45 deg., 
but when balancing the couple there is an unbalanced 
vertical force, and when balancing the force there is an 
unbalanced vertical couple. They must therefore produce 
a resultant force — 

R = (M_+_Mx) ,. /2 
9 ^ 

and a couple 

In fig. 163 let Ci, C2 represent the two crank pins of a 
locomotive having inside cylinders, and Bi, B2 the balance 
weights on the wheels nearest to each of the above cranks, 
and let 2 ^ be the angle B^, O B2 ; then 

= — r . 0)^ , cos y 
9 

Tg = — a . r w2 sin t/' 

9 
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where 2 a is the horizontal distanoe between the oMitres of 
gravity of the balance weights, and m is the mass of each, 
and r its radius of revolntion. 

■ 'Vl -. a tan ^ = c 



E 



tan ^ = - (A) 



V a^ g g ^ >J a* 

»i.r. = (M + Mi)p /"' ^, "' . . . . (B) 

Equations (A) and ,(B) give the magnitude and position of 
the balance weights where there are no coupling rods. It is 
not always the practice to balance the reciprocating parts ; 
in the United Kingdom the fraction balanced is sometimes 
as small as one-third. This will not alter ^, but we must 
multiply Ml in equation (B) bv this fraction. 

Another and simpler method of finding the balance 
weights is the following. It is clear from the above that 
the oalance would be perfect if the weights of the^ recipron 
cating parts revolved with their respective crank pins. We 
begin, therefore, by assuming that two weights, each equal 
to M + Ml, are at E and F, fig. 164. Let G and E be two 
weights on the two wheels, opposite to the crank F at radii 
Pt whose centrifugal force would balance M + Mx at F. 
Then 

2a. K. = (M + M,)(c + a). 

2a.G = (M + Mi)(a-c). 

j^ ^ jj ^ (M + M,)(c + a) 

2 a, 
G = L = ^M + M,)(a - fi) 

2a 



.-. J K^ + L-^ = (M + M,) /KV^- "^ 

which gives the magnitude of the single weight m at radius 
r, which is equivalent to K and L at radius ^ ; also if be 
the angle made by the radius from B to m with B K, then 

tan(? = ^=^-^ 

K a + c 
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If the cylinders are outside the wheels, let Ms be the 
weight of each crank, M the weight of the part of the 
pin outside the crank plus the big end of the con- 
necting rod and half its length, while M^ is the weight 
of the reciprocating parts plus the small end of the 
connecting rod and half its length, or, if only a part of 
these are to be balanced, let M^ represent that fraction. 




Fia. 164. 



Fio. 165. 



Fig. 165 shows the two cranks at right angles. E and G 
bakknce the further crank and the parts connected with it, 
H and L the nearer. All are supposed at first to be at 
radius p ; then, taking moments about B, 

2a G = (M + Mi)(c -a), 

and, taking moments about A, 

2a(K-M2) = (M + Mi)(c + a), 

from which we can find G and K, which equal L and H 
respectively. 

— - v/ KMT7. 
as before, and 



tan6^ = 



K* 



But, whereas with inside cylinders a side elevation would 
show the angle between the radii to the centres of gravity 
of the balance weights to be less than two right angles by 
2^, with outside cylinders it is greater than two right 
angles by this amount. 
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A numerical example of this last case is as follows : Let 

M + Ml = 4231b., 
M2 = 1171b., 
2 a = 55 in., and 2c » 74 in. 

Then (K - Ms) = ?^-t^ (M + Mi) 

= !f "*" ^^ X 423 = 496 lb. 
2 X 55 

K = 496 + 117 = 613 lb. 

G = (M + Ml) {c - a)^ ^M^=? X 423 - 731b. 



2 X 55 



m r 
~P 



= JiQlSy' + {7Sy^ = 6171b. 



If there are coupling rods with outside cylinders, and 2 I 
is the horizontal distance between the length of the rods, 
then, when there are four wheels coupled, h&df the weight of 
each rod must be balanced on each wheel; if six wheels, 
then on each of the leading and trailing wheels one-half 
the weight of each rod, and on each driving wheel the whole 
weight of one rod, must be balanced. This is evident, 
because the weight of each rod may be equally divided 
between its two ends. The same applies to inside cylinders, 
but the cranks on the wheels must also be taken into 
account. 

Another method of balancing is by reciprocating weights, 
which has been applied to locomotives, but has been given 
up, being found inferior to the above plan. It is, however, 
used in marine engines by Mr. Yarrow, and reduces the 
vibration considerably. The revolving parts are first 
balanced by counter- weights on the cranks and the recipro- 
cating parts by means of two '' bob weights," as shown in 
fig. 166. We have here taken the simplest possible case of 
a piston &o., with a stroke of 2 ft., the weight of the 
reciprocating parts being 300 lb. Two eccentrics are placed 
on the shaft opposite to the crank, one at 2 ft and the other 
at 4 ft. from tne line of stroke, the stroke of each eccentric 
being 6 in. It is clear, then, that the sum of the bob 
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weights must be fonr times that of the reciprocating 
weights, because the eccentric stroke is one-fonrth that of 
the piston. Again, by the principle of the lever, the weights 
must be 400 lb. and 800 lb. 

Fig. 166a shows the three cranks and pairs of eccentrics of 
a triple-expansion marine engine. The reciprocating bob 
weights are to be driven by eccentrics on the lines X, Y, 
these being the most suitable positions, and the motions oi 
the valves are to be considered when the^ are in full forward 
gear.^Each unbalanced moving part is now dealt with 



t 

T 



1 
I 
I 

iM 

•00 

I 



•TROKC 



t 






s 



t 

I 

L 

r 

I 

•TftOKB 
• ••• 



«-«-2«Tf; 4rt — ^ 



fH 



HD 



FiQ. 166. 

separately, as before described, and the position and amount 
of the weights necessary to balance it ascertained, the stroke 
of the balance weights being taken for purposes of calcula- 
tion as equal to the stroke of the part they balance in each 
case. For instance, the unbalanced reciprocating parts of 
the intermediate pressure piston, piston rods, &c., lettered 
B, fig. 166a, weigh 162 lb. ; the balance required at X is found 
to be 81*8 lb., and that at Y 80*2 lb., the stroke of each being 
16 in. Taking another instance, for example, the^ high- 
pressure valve and its go-ahead gear lettered E weighing 
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264 5 lb.,^he balance at X is 22825 lb., and at Y 36*25 lb., the 
stroke of each being 5 in. After dealing in a similar manner 
with all the reciprocating parts, if we were to construct 
two uniform discs with each of the weights thus found 
pinned on in its proper relative position, and place them 
respectively at X at Y, the engine would be balanced 
vertically. All the weights at X may be replaced by one 
large one, equal to their sum, and having the position of 
their centre of gravity. The weights at Y may be dealt 
with in like manner. These are shown by the large black 
spots on the diagrams to the right and left of the middle 
figure. These again might be substituted by larger or 
smaller weights as convenient, the product of weight and 
stroke being kept constant. In the present case the total 
weight of ail the balances is 740*25 lb. at X., and 1,17815 lb. 
at Y, and their strokes are 2 08 in. and *48 in. respectively. 
These would be equivalent to 413 lb. at X with a stroke of 
3|in., and 1341b. at Y with a stroke of 5 in. If these 
weights rotate, they will only balance vertically, but if they 
reciprocate they will balance completely, neglecting the 
effect of the obliquity of connecting rods. 

Schlick's System of Balancing the Reciprocating 

Parts of Engines. 

• 

This method requires four cylinders and four cranks. The 
two that have the heavier moving parts are placed in the 
middle. The reciprocating forces produce a resultant force 
and a resultant couple, both of which must be balanced. In 
this method, however, the obliquity of connecting and 
eccentric rods is not considered.- Let the cylinders be 
numbered from the left I., III., lY., 11. ; let P3 and P4, 
the weights of the reciprocating parts of the central 
cylinders, be known. 

First Case, — Let the angle between their cranks be 90deg., 
and suppose that all the cranks have an equal throw, and 
that the distance from centre to centre of cylinders is the 
same ; then we have to find the weights Pi, P2 of the 
cylinders I., II., and the positions of their cranks. In order 
to balance the reciprocating parts of cylinder IV. alone, we 
might have weights placed on the centre lines of I. and IL 
opposite to the crank of cylinder lY., the weights being ^ P4 
for cylinder L, and § P4 for cylinder II. In the same way, 
to balance P3 alone, we should require two weights, § P3 and 
^ P3 on the centre lines of Pj and P2) and opposite to P3'8 
crank. We can, by finding the resultant of these loads both 
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in direction and magnitude, assign directions to the cranks 
of I. and II., so that their reciprocating parts will balance 
those of III. and lY. Let ns consider crank II.. in fig. 167. 
We see that if P2's crank makes an angle a witn the direc- 



% 




tion of P4 produced, and 90 - a with the direction of Fs 
produced, then 

P2 cos o = § P4. 

Pgsina-JPj. 

P2»=(?P4)^+(iP3)^ 



Hence 



tan a » 



2P4 



Secondly, if /3 is the angle the crank of Pi makes with P3 

Sroduced at 90 deg. - p, the angle it makes with P4 pro- 
uced, then 



and 



Pl'-(§P3)^+(JP4)^ 

tan^ = A.^. 



The arrangement is shown in fig. 168. 

Second Case, — Let the angle between the cranks III. and 
lY. be 7, not a right angle. Consider Pi, and let it make an 
angle /3 with P3 produced, fig. 169. Then, reasoning as 
before. Pi may be divided into two parts equal to'f P3, and 
:\ P4 set on the transverse plane passing through Pi's centre 



SCBLICE-TWKEDY STSTKH OF BALANCINO. 



193 



line, the former opposite to Ps'a crank, and the latter 
opposite to iVs crank. Hence 

?!"=(§ ^3)"' + (J P4)^ + T Ps P4 COS 7. 

P2' = (i P4) == + (JPs)^ + * P, P4 cos y. 



? 




< 




Pio. 169. 

Also .- 1 Ps „;,» 

Bin a — i ^ sin 7. 

p 
8m/3= J.— ^ sin 7. 

Third Case. — The weights acting upon the outer cranks 
and the angles formed by the said cranks may be known, 

13m 
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and from this we can obtain the angular position of the 
cranks, as well as the weights that should act upon two 
intermediate cranks, and if the angle 5 is a right angle, we 
have — 

P42 = 2P2'^ +Pi2 



P 2 
•* 3 


zs op 2 


+ 


p*'' 


tan e 


2^2 ' 






tan 


_ P2 

-2Pr 







If the angle ^ is not a right angle, the formulsB will be 

(fig. 170) 




Fig. 170. 



and 



P42 = 2 Pg^ + Pi^ - 4 Pi Pg cos 5 
P32 =2Pi2 +P22 -4PiP2C0s5 

sin € = sin 5 ^- 

p 

sin = sin 5 . -^ . 



In determining the weights that act upon the various 
cranks the revolving elements must also be considered, 
besides the reciprocating elements, but, of course, these 
must be balanced by weights each opposite its own crank, 
and it must be remembered that revolving forces cannot 
balance reciprocating forces perfectly. The effect of the 
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valve gear or other moving elements may be taken account 
of in two ways (no allowance being made for obliquity). If 
the centres of slide valves lie in the same plane as the piston 
rods, the weights of moving elements of valve gearing can 
be taken account of when angles of cranks, <$^c., are 
calculated, and forces exerted by valve gearing balanced 
simultaneously with forces exerted upon the cranks. If, 
however, the slide valves or rods be in a different plme 
fro Da that of the piston rods, it will only be necessary to so 
arrange that the distances between the valve rods, the 
weights of the moving parts of the valve gear, the radii and 
angles of the eccentrics, shall have the same relation to one 
another as the moving elements of cylinders and cranks. 

If, for instance, the distance between the valve rods is 
equal to the distances between the cylinder centres, and 
if all the eccentrics have an equal throw and an equal angle 
of advance, it is only necessary to determine the weights of 
the moving elements of the valve gear in the same manner 
as that resorted to for the determination of the cylinder 
weights. Should some of the valves differ, it will in most 
cases still be possible to balance the forces of their moving 
elements by choosing the other or remaining factors 
accordingly. In order, however, to perfectly balance the 
said forces it is necessary that the centres of gravity be 
situated in the centres of the slide rods, and that the latter 
lie in one and the same plane. 

Balancing when the effect of the connecting rod's obliquity 
is included. 

The formula for the accelerating force may be expressed 
with sufficient accuracy as 



F 



W r w^ / /» . c'>8 2 ^ 



g 



(cos^ + «^) 



where c r is the length of the connecting rod, B the angle 
made by the crank with the line of stroke, and (a the angular 
velocity. 

Let an engine have n cranks, and let ai , 02, as, . . . an-i 
be the angles between the second and first, third and first, 
and so on. Let ^xf ^21 ^st ^4 • • • ^^-^ ^^ ^^^ distances 
between the centre lines of the cylinders, and Wo, W^ 
. . . Wn - 1 be the weights of the reciprocating parts. 
Then, supposing the rotating parts are balanced, the sum of 
the vertical forces (the engine being vertical) produced at 
any instant must be zero, and their moments about any axis, 
say an axis perpendicular to the shaft and passing through 
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the line of stroke of the first piston, mast be zero. This is 
expressed mathematically by tne two equations : 

Wo (cos e + ^^) + W, {cos {e + a,) + £08^^jL^)} 

+ <fec. = ; 
and W,^ {co3(g+a,) + ^Q''^^^^+^"^) } +&c.=0. 

If ^ = 0, 

Wo(l + -) + Wi (cosai + ^^^y^) + &c. = 0; 
and if d = 180, 

Wo (^ - l) + Wi (?2?l5i - cos a,) + &c = 0. 
Hence 

Wo + Wi cos a^ + Wg COS ag + &c. = ; 

and 

Wo + Wi cos 2 a^ + Wg cos 2 ag + &C. ^ 0. 

Again, if ^ = ^ 
-!Lo + W,(-^^^^-sina,) 

^ + Wi (sina,+^^^°^) + &c. = 0. 

Hence Wi sin a^ + W2 sin ag + <fec = 0, 

and by expanding 

Wo ( cos ^ + ^J^Al^ + Wi(cos e cos a^ -gin ^ sin a^^ 

+ Zli (cos 2 ^ cos 2 a^ - Bin 2 ^ sin 2 ai^ + &c. = 0. 

But we have already shown that the coefficients'of cos ^, 
cos 2 9, and sin are zero ; hence the coefficient of sin 2 9 
must also be zero ; 

.•. Wi sin 2a^ + Wg sin 2a2 + (fee = 0. 

Treating the second equation of moments in the same way, 

Wi Ix cos «! + W2 I2 COS aj + (fee. = 0. 

Wi Zi sin cL^ + W2 I2 sin a^ + ifec. = 0. 
Wi ^1 cos 2ai + W2 12 cos 2a2 + &a = 0. 
Wi ^1 sin 2ai + W2 12 sin 2a2 + (fee. = 0. 
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Hence we have eight equations, and the unknown quantities 
are 

W^» W^' ^' ^^- ' '^i' ^2, «3. &c ; J-^, Ja &o. 
Wo Wo Wo ^1 H 

Let us first consider the case of an engine with three 
cranks. Here 

Wo + Wi cos a^ + W2 COS ag = 0. 

Wi sin a^ + W2 sin ag = 0. 

Wo + WiCOS2ai+W2C082a2= 0. 

Wi sin 2 a^ + Ws sin 2 ag = 0. 

Wi li cos ai + W2 I2 COS ttg = 0. 

Wx li sin «! + W2 I2 sin o.^ = 0. 
Wi Zi cos2ai + W2^2C0a2a2 = 0. 
Wj. /i sin2ai + W2^2 8in2a2 = 0. 

It follows from the second and sixth of these that li = I2 
a manifest impossibility. Hence engines with three cranks 
cannot be self-balancing, but require the addition of other 
cranks or eccentrics, as in Yarrow's method of balancing. 

If we have four cranks, 

Wi sin «! + W2 sin a^ + W3 sin a^ » 0, 
Wi li sin «! + W2 I2 sin "2 + W3 ^3 sin ^s = ; 
hence W2 (^1 - I2) sin aj = W 3 (/« - ^1) sin ^s, 

or W2 sin 02 ^ W3 sin a 3 

£3 — Ci '1 — ^2 

Wi sin ai 

^2 ~ ^8 

Again, ^^ Wi sin2ax + I2 W2 sin 2a2 + l^ W3 sin 2a8 = 0, 
Wi sin 2ax + Wg sin 2a2 + W3 sin 2a3 = ; 
W2 sin 2a 2 _ W3 sin 203 _ W^ sin 2ai 

63 — li ^1 ~ '2 ^2 ■" ^3 

Then either a^, a^, 03 are each = or ^, or cos ag = cos a^ 
= cos a^. 

In the latter case two at least of a^, a^^ a^ must be equal 
to one another. These will be 03 ana a^, because 

'l — ^2 ^2 " ^3 

are both negative, and a^ = 2ir - a^, because --^-'^-^ is 

63 — ii 
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of the same sign as ^, and .*. sin a2 must be of the 

opposite Bign to sin a^ ; henoe 

Wo _ W, _ _'^Ii _ 

ll ~ tz ''1 "~ ^2 '2 ~" ^3 

But ^x Wi cos ai + I2 W2 COS ag + l^ W3 CCS Og = 0. 

Hence, dividing by cos oj and substituting for Wj, W2, W3, 
we have 

^1 '2'' ^'2 s ^'^ • 
.'. ^1=^3, which is absurd. 

Considering the case when 

sin 2 a^ s Bin 2 ag ^ sin 2 ag ===0, 

sin a^ = sin a^ = sin Og = 0, 

<^i) ^2) "3 luust equal or t. In any case, 

Wo + Wi cos 2 a, + Wg cos 2 ag + Wg COS 2 Og = 0. 

.-. Wo + Wi + Wg + W3 = ; 

but four positive quantities cannot = 0, so that this is in- 
admissible, so that a^, ag, ag cannot produce equilibrium if 
they are or x. 

Hence, even with four cranks, an engine cannot be 
properly balanced without the addition of an auxiliary 
crank or eccentric carry id g balance weights. 

If, however, an engine has five or six cranks ; for example, 
if two triple engines work on the same shaft, but are right 
and left handed, and the cranks are arranged as follows : the 
two centre are vertical, the two nearest to these on the 
right and left are at 120 deg. to the vertical, but in front of 
the vertical plane through the shaft, while the two furthest 
are at 120 deg. to the vertical and behind this vertical plane, 
then, if the moving parts of the six cylinders are all exactly 
the same, the engine will be perfectly balanced. For, firstly, 
as regards couples, whatever right-hand couples are pro- 
duced by one engine, equal and opposite left-hand couples 
are produced by the other, in whatever position the shaft 
mav be ; and the equations that deal with forces are, for 
each three cranks — 

1 + cos 120 + cos 240 = 

sin 120 + sin 240 = 

1 + cos 240 + cos 480 = 

sin 2i0 + 8in 480 = 0, 
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and these are all identities, so that the vertical forces are all 
balanced, 

If five cranks are nsed, the centre crank must take the 
place of the two central cranks of the two triples, and the 
wpifl^ht of its piston must be twice that of each of the others. 

We shall now discnss a method suggested for the complete 
self-balancing of fonr-crank engines, and show wherein the 
error lies. In fig. 171 let there be two cranks, as shown. 




, Fio. 171. 

Let them make an anffle 8, and be acted on by weights t&, W. 
Then, as far as the finite length of the connecting rod is 
concerned, these have the same effect as a single crank to 
which the weight F is attached, and whose position between 
the cranks is fixed by the following equations : 

w; sin 2a = W sin 2/3 (1) 

P = w cos 2 a + W cos 2/3 (2) 

For this will be attained if 

P cos 2 7 = m; cos 2 (7 - a) + W cos 2 (7 + /3). 

(It must be clearly understood that what we have said 
above only refers to forces, and not to couples, for we can 
readily see that by properly adjusting 7 we can produce a 
couple from w and W's motion ; i.e., if cos 2 7 is zero, 

w cos 2 ( 7 - a) = - W cos 2 (7 + /3), 

and the couple cannot be balanced by any single force due to 
P. Hence, if the couple is to be balanced, it must be by other 
agency.) 
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F COB 27 = u?co627C082a - t('8in27 8in2a +Wcob27 

COS 2/3 — W sin 27 sin 2/3, and if (1) holds good, 

P cos 2 7 = (w cos 2 a + W cos 2/3) cos 2 7, 

which is equation (2). 

In the case in which the angle formed by the two cranks 
is an obtuse angle, they have the same effect as far as the 
finite length of connecting rod is concerned as a single 
crank arranged at right angles with a line Op, fig. 172, 



1 
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between the cranks, if the following conditions hold good : 

w;isin2ai = Wisin2/3i (3) 

and Pi = Wcos(ir-.2/3i) + w^i cos(ir - 2ai) . . (4) 
For if so. 

Pi cos (27 + 90 deg.) = W^ cos (27 - 2/3i) 

+ W cos (27 + 2a^) 
.*. - P, COS27 = Wi COS27COS2/3i 

+ WiBin27Bin2/3i 
+ Wi cos 2 7 COS 2 a^ 
— Wi sin 2 7 sin 2 a^ ; 
but applying (3), 

- Pi = WiC08 2i3i + w;iC0S2a^, 
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whence (3) follows at onoe. (Notice the couple is not 
nentralised.) 

Now, if F and P^ are equal, and these equivalent cranks 
are placed at right angles, so that the lines O p and O P are 
in a straight line, as shown in fig. 173, then the forces 




Fig. 173. 

produced by the reciprocating parts of these cranks, as far as 
they depend on the obliquity of the connecting rods, will 
disappear if P » P^, or 

wcos2a+Wcos2/3=t^iCOs(T-2aJ+Widbs(T-2/3i). (5) 

and ie;sin2a » Wsin2i3 (6) 

t£>isin2ai = WiSin2i3i (7) 

but it must be noticed that the couples are not necessarily 
balanced, and there is< no doubt that if the distances apart of 
the cranKs were such that these couples would be balanced, 
that the forces and couples due to that part of the recii)ro- 
eating forces independent of the obliquity of the connecting 
rod^ would not be ; in short, the above method, which^ we 
believe has been introduced in practice, is merely a laborious 
attempt to overcome a difficulty that is insurmountable, as 
we have already shown. 
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CHAPTER XVII. 

On Governors. 

If a governor could be confitructed without friction, a 
diagram^ illustrating its motion could be made such as 
fig. 174, in which ^2 Vi ^^^ ^^^ highest and lowest positions 
of the sleeve, and the abscissae of the curve u^ U2 represent 
the angular velocities of the balls, so that when the sleeve 
is at y the angular velocity of the governor balls is u. But 
in a real govomor there always exists a resistance K from 
internal friction, and the diagram that connects the height 
of sleeve with velocity of rotation is no longer a single line. 
Suppose, for instance, that the sleeve of the governor under 
consideration is at the height y, and in equilibrium under 
the action of the weights of the moving partp, and of the 
centrifugal force due to the angular velocity u; then, in 
order to raise the sleeve, the aognlar velocity must be 
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increased until it reaches some value w^ because B must be 
overcome, and to lower the sleeve the angular velocity must 
decrease to some value v for the same reason, K being 
reversed so that it may be represented by - R. Let (a be 
the mean speed of the governor, then we shall call the 
"coefficient of sensibility" 



n = 



<t) 



W - V 



The diagram of the governor is therefore a zone, fig. 175, 

enclosed between two curves, ^^ ^2 ^^<^ ^1 ^2* ^^® ^^® ^^® ^ 
line, and the other the t; line. The governor is thus 
(»ipable of confining the speed of the engine within the 
limits (a^ and O21 ^^^1 the fraction 



0) 



«2 - <*'! 



= K 



may be termed the coefficient of regularity of the engine. 
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A governor is termed astatic when 

as in fig. 176, so that the load may vary between zero and a 
inaximum while ranning at its mean speed (i>, bat is pre- 
vented by the governor from passing the limits c*'!, 02* 

The term isochronous has been applied to a governor for 
which u is constant, so that in the diagram Ui Uz is a vertical 
straight line. When, however, the resistance K is taken 
into account, many governors which have been designed 
with this object, neglecting E, cease to be isochronous. 



THE 



"buss" 



GOVEBNOB. 



We shall first consider the Bass governor, which is shown 
in fig. 177 ; the arm C A B is bent through an angle y. The 
point C moves perpendicularly to the axis upon the slide 



nz o 





Fig. 177. 



E D and the point A, which carries the sleeve, parallel to 
the axis G G. The reaction at C is vertical, and obviously 
equals 



P + 



Q 

2 



when the angular velocity is u^ and there is no resistance K^ 
P being the weight of one ball and Q that of the sleeve. 

The forces on the arm CAB keep it at rest, and we may 
therefore take moments about A, so that 

F6 cos a = (P + -^) a sin (7 - a) + P6 sin a. 
.'. '^ — (wi + 6 sin a) 6 cos a = lv+ §^ a sin 7 cos a 
+ sina |P6 - (p+ Q^ aco8 7 } ... (A) 
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As the governor is intended to be isochronous, u most 
remain the same when a is zero. Hence 



— mb = (P+y )asin7. 
g \ 2/ 



Substituting this in (A), 
w2p 



9 



mbooBa = (^P + yjasin7C0sa 



If P6-(p+-S)a{co.. + ^-;--} = 0, 

COS a will divide out, and 

^''?m6 = (p+§)asin7. 



(w + 6 sin a) 6 cos a = f P + ^"^ j a sin 7 COS a 




Next suppose that u changes to w, so that R is positive. 

9 

+ sinalp6-(p + Qi^)acos7}.(B) 

which is obtained by changing Q to Q + H in equation (A). 
Then, if possible, let w be constant, so that when a =: 



^-^Pm6 = (p + Q^)asin7. 
g \ 2 / 



Substituting this in (B), 



771 6 cos a = ( P + ^Ja sin 7 cos a 

R/ . r . ft8in7\ • \ 
— (asm7C0Sa - a-j COS7 + ^j-smal 



9 

+ ^ 



remembering that 

P6-(p+-Q)a{caB. + i^} = 

The only term that does not divide through by cos a is 

Ra/ I b 8in7\ • 

( cos 7 + - — ^^ lain a, 



2 



b sin 



and w cannot therefore be constant, because cos 7 H ^ 

m 



watt's governor. 
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cannot be zero, for if it were zero, then F6 would also be 
zero, which is impossible ; so that w cannot be constant, 
and in the same way we can show that v cannot be constant ; 
so that this governor is not practically isochronous. 

watt's governor. 

Fig. 178 is a diagrammatic representation of this governor, 
showing the symbols employed for the various forces ana 
dimensions For the sake. of simplicity it is assumed that 
A E = D F = m, and A C = C D, that the weights of and the 
centrifugal force acting on the arms A B and links D C are 
small enough to be neglected ; and that m is to be considered 
positive when the point of suspension is on the same side of 




Fig. 178. 

the spindle G G as the balls, and negative when the governor 
is cross-armed ; and lastly, that the suffixes 0, 1, 2 refer to 
the middle, lowest, and highest points of the sleeve. 
Then, from geometrical considerations — 

Ai = 2 a cos aj^ (1) 

h = 2a cos a (2) 

y = A^-A = 2a (cos ai - cos a) (3) 

whence 5 ^ => 2a sin a da (4) 

and from the principle of virtual velocities 



F6 5aC0Sa-P65asina - (Si |'^3y = . 



(5) 
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p 

but F = t^;^ - (6 Bin a + w) if R be poaitive ... (6) 

9 
p 

F = v' — (6 sin a + m) if R be negative ... (7) 

g 

F = m2 P (J gin ^ + ^\ if jR ^ zero (8) 

g 

Hence from (4) and (5) 

F6oosa-P6 8ina-(Q + R)asina = 
p 

w^ - (6 gin o + ?n) 6 COB a = Bin a [P 6 + (Q + R) a] 

g 

Let ^ _ ^ari a 

Bin a 4- — 



then 2^-A(l + f9 + j|) ... (0) 

T-^('^l^w)- • • • <^«> 

-"-T-^O^'s?) <"^ 

are three equations giving the three curves on the governor 
diagram. 

Suppose now it be required to make the governor *' quasi- 
isochronous " — t.e., so that the speeds u^, U2y corresponding 
to the highest and lowest positions of the sleeve, shall be 
equal ; then if Ai, Aoi^ A2 be the values of A when a becomes 
ai, ao, a2, the fulfilment of the condition Ui ^Uz requires 
that 

A.(l-.fS)-A,(l + «Q) (12) 

or Ai = A2 ; i.«.| 



tan a J ^ tan 02 



sm a^ + - - sin a. = - . 




(13) 



We may choose two of the three qoantities a„ a„ "" 



arbitrarily, and calculate the third ; hence there are two 

problems First, having given a^, a^, to find ^, and, 
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secondly, having chosen a^ and ~ to find a2* Taking the 

former, let us assume that 

a^ = 30 deg., ag = 45 deg. 

From (13), 

tan 30 __ tan 45 

sin 30 + ^ sin 45 + -^ 



^ (tan 30 - tan 45) = sin 30 tan 45 - sin 45 tan 30 



^ = ! n/_« = - -22 (14) 

SO that m is negative, and the governor will be cross-armed. 

Let the values of u be now determined, corresponding to 
the lowest, highest, and middle positions of the sleeva 

From (11) it appears that u is proportional to J A; and 
since Ui = uq, 

. •. J'aI = 7X2 = 1-4285. 

To determine Ao, 

^ = 2 a (cos 30 deg. - cos ao) 

where c is the total rise of the sleeve 

c «= 2 a (cos 30 - cos 45) 
cos a t= cos 30 deg. + cos 45 deg. 

ao = 38 deg. *8min. 

/ tan ao 

^/ Ao = /": 7^ = 1*-^ 

^8inao + -j 

and ^ = -98. 

The diagram of this governor is shown in fig. 179, but it 
must not be imagined that if the sleeve is at y below po, and 
the speed increases to w, that the sleeve will fall, because ^i 
^2 is not a curve of descent. The sleeve will rise rapidly, 
and will pass a point y^ at which w^ = w. This type of 
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governor is too sensitive, and requires a spring between E 
and F ; in this case R is not constant, but takes the form 

R = B(y- yi)=fcC 

where B and G are constants, and the positive sign mnst be 
taken for rising and the negative for falling, because the 
spring always opposes upward motion. The condition of 
^' astaticity '' iau ^Q^ ^ (02^ and according to the definition 
of the coefficient of sensibility, 



n 



n 






n 



2 



also 



03 



"2 - "i = ^ 



CUz Uz /Iz 




Fio. 179. 



where K -i 10, so that the extreme variation is one-tenth of 
the mean speed, whence 



K til W2 
-1=1- — 



(0 



n. 



«3-l+i 



U) 



n 



2 



, Og til — 1. It] 

' * w, ti9 + i' tii 
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Bat rii = 712 ^oi^y nearly, so that 

^2 2K + 1 21 /.Rv 

;jf = 2K-i = i9 <^^> 

and ^ = 1 . . (16) 

We must combine these with the equations of equilibrinm 

(9) and (10) 

^ g ^'V^b P b P/ • • • ^ ^^ 



0^1 



o,3Ua,(i + |Q + |5). . . (18) 

„,.^=A.(l + ^Q-?«) . . . (19) 



9 



' g 



whence 



Ai Oi*^ fi^ w^ U)^ 



since nj^ = 712, and Q^ ^ ^2 

.-. A2 = MAi=g = Ai (21) 

.-. ^ = - -1348. 

If now we take a^ = 30 deg., ao = 38 deg. 8 mia, ag = 
45 deg., then 

V'Ai = 1-2573 
^/"A7 = 1-2748 
J~A2 = 1*3211 
and ^ = 10143 ^ = 10513 

The curve giving the values of u is shown in fig. 180, and 
is therefore free from the defects of the " quasi-isochronous " 
governor. 

We may next consider the case in which we assume a^ 

and ^ and calculate ag* 



Let us assume m = 0, a^^ = 30 deg., and calculate a^, so 
that the governor may be astatic. 

14m 
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From (21), 



cos ai 21 L* 1. • 

^ « — - which gives a*. 

COSag 19 ^ ^ 



Now, if K — 10^ and Watt's governor be made astatic with 
m = 0, then the diagram will remain the same whatever be 

the value given to a,. For if -^ be the height of the sleeve 

when the arms are expanded to any angle a, 

— = 2 a (cos Oj - cos a) (22) 

c « 2 a (cos a^ - cosa^) (23) 

• 00"« — « 1j.^8ap_. -,2K-1 

• • — y — 1 -t" ^ v — X + — == 

COS «! cos a^ ^ 2 K + 1 

= g (2 K + 1) - 2 
" ^ (2 K + 1) ' 




Uz - h05 



tOi 



Also from (11), 

«=.-^_^(l + «§) (24) 

COS a 6 \ 6 I' / 

^ cosa^6 V ^ 6 P/ 

• JL = / y(2K+"ir" 
' ■«*! n/(?(2K + 1) - 2 

which is independent of a^, so that the same diagram 
applies to every Watt governor having the point of suspen- 
sion in the axis of revolution, provided K « 10, and the 

choice of <*i)-r » ^ is wholly unrestricted, and may be made 
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to snit the convenience of the engineer. The formula 
applies equally to the Porter governor, which is only a 
particular form of Watt's. Watt's governor, with equal 
arms A C, C D, possesses another useful property, namely, 
that the total weight reduced to the sleeve is constant in 
every position of the latter. By the expression, "weight 
reduced to the sleeve," is meant the weight of a single mass 
which, if concentrated at the centre of the sleeve, and sub- 
mitted to the same forces which act upon the real masses, 
would have the same acceleration as the sleeve has when 
connected to the actual weights. It may be calculated by 
equating its virtual velocity to the virtual velocities of the 
real weights ; thus, let n be the total weight of the governor 
reduced to the sleeve— 1.«., the real weight Q plus a weight 
2 X, which would have the same virtual moment as the 
sum of the virtual moments of the other moving parts ; 
then 

\X dp = P6 5 a sin a, 

and 8y ^ 2 a sin a $ a ; 

whence n = Q + 2X = Q + — P = constant . . (25) 

a 

If H be the height of the cone of revolution of the balls 
in f eet^ then 

H =: 6 cos a, since b is in feet ; 



.-. from (24), 



"FA^"^ — 6T — ) 
- g /i ■ a(Q -Rh 



U ^ «(Q + R) . / , , a (Q - K) 
J b i- 



^ s/6P + aQ + aR- J bP + aij- aR 

- N, - N, 
JS 



212 COMMON FORM OF GOVIBNOB. 

where Ni, N2 are the nnmbers of revolutions per minute at 
which the sleeve will rise and fall, the number of revolu- 
tions when friction does not act being N. 

COMMON FORM OF GOVERNOR. 

The form of governor shown in outline in fig. 181 has its 
Bxis horizontal or vertical ; G H is this axis, around which 
D rotates at a radius KD = d; the point F moves a sleeve 
along the axis towards G when the ball moves outwards. 
We shall only consider the case in which the arms E D, D F 
are at right angles. There is a spring which is compressed 
when F moves towards G. Let 2 8 be the force of the 
spring, and a^ the greatest value of a ; then 

S = A + B 6 (sin a^ — sin a) 
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where A and B are constants, and the resistance at F 
parallel to the axis is S + R or S - K, according as motion 
is towards G or H. 

First, let the axis of revolution be horizontal, and let Fi 
be the centrifugal force of one ball ; then 

Fi a cos a = S 6 cos a 



P 



2 



. '. a {d - a sin a) — S 6, 

assuming that the speed is sufiiciently great to make the 
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effect of gravity negligable. Firstly, suppose that the 
governor is to be made isochronoas. 

=— ^ (c? - a sin a) a = 6 1 A + B 6 sin tti - B 6 sin a ( 

g 

and (a will be constant if 

^"'^^ = 6A+B6^8ina, 

g 

and P^'"' = B6^ 

g 

Supposing all the other quantities are assumed, these are 
t^rh equations to find A and B — ^that is to say, the spring is 
one which exerts a force J B for a compression of 1 in., or 
which would exert a force 2 B for a compression of 1 ft., and 
which exerts a pressure 2 A when the sleeve is in its lowest 
position. An isochronous governor is far too sensitive, and 
would hunt ; it is better therefore to make it astatic — i.e.^ 

P (2 2 

- — ^ (c? - a sin a^) a = 6 J A + K + B 6 sin «! — B 6 sin «! ( 

= 6)A + Kf 
?-^ ((^ + a sin aj a = 6 (A - K + 2 B 6 sin ol^), ' 

g 

Adding V^^'da = a 6 + B ft^ gin a, 

g 

Subtracting P ^^ ^^ s^Q "i = 6 R - B 6^ sin a^ . 

g 

From the above equations, if R, P, % a, d^ and a^ be assumed, 
A and B may be calculated. 

When the axis of revolution is vertical; the general 
equation takes the form — 

(d - a sin a) a — V a sin a 

g 

= 6 j A + B 6 (sin a^ - sin a) [ 

and when u is changed to v or w^K must be altered to A - R 
or A + R ; 

... l_^,Hd-af^na,U - Pa Bin a, = 6 (A + R) 

g 
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whence, if B be assumed, A can be found. 

p ^ 2 

— ^ (d + a sin a, ) a + P a sin a, 

g 
= 5(A-R) + 2B62ginaj, 

from which we may calculate B. 

Fig. 182 is the outline of ProelFs governor, the axis of 
revolution being G G. The numerical values chosen for the 
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various symbols shown on the figure were measured from a 
governor actually in operation, and are as follow : — 

dj the diameter of the ball B, = 1 '562 r, where c is the 
travel of the sleeve. 

-% = -693 ^ = 4 ^ = A 

= 9^ 43; ai - /3 = 20\ 2r, ao - iS = 30*, c?2 - ^ = 37°. 59' 

The instantaneous centre of motion of the arm B D is J, 
and the conditions of equilibrium are expressed by equating 
the sum of the moments of the forces about I to zero ; thus 

9 P 
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2a 



in which A = 



sin a - sin (a - j3), 



[^ + sin (a - i3)] 008 (a - /3). 

a • 

-y-Sin a 
[y + sin (a - p\ COS (a - ^). 

In order to ensure that the sleeve shall move in the proper 
direction throughout the whole of its travel, we must have 
U2 > Uo > Ui ; or 

As + Bg § > Ao + Bo S > Ai + B, ^ 

and, therefore, ^ > 108. 

If Q be taken = 2*4 P, as in the case of the governor 
before mentioned, the values of u will be 

^ = 103 ^ = -987. 

Uo Uo 

The curve at its lower part, therefore, approaches that of 
isochronism too nearly to be satisfactory. 

To make the governor astatic, we must have (^2 = ^i» so 
that 

Aa + B^g-B^g^A, + B, g + Bi?; 

and if K = 10, 

M = ih, as in the case of Watt's governor ; also 
astaticity requires 

A, + Ba g + ?^ = M^ (Ai + B, g - Bi ?) 

The last two equations give us — 

S = 3 628 and ^ = 226, 

and the mean speed <a may be calculated from the equation 



<ji) 



2 



~l=A+B 



Q 



9 i- 

tor any given value of I. 
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CHAPTER XVIII. 

Springs. 

In fig. 183 is a conical spiral upon which a compressive force 
W acts along the axis of the cone. This is equivalent to a 
coaple W r at the point A, r being the radius at A and a 
force W at A. Now, the line of action of W is not parallel 
to a section normal to the centre line of the spiral. In fig. 
130 the couple Wr is represented by a line perpendicular to 
its plane, and directed so that the taming appears clock- 
wise when looking; along the line in the direction of the 
arrow. This can be replaced by two components perpen- 
dicular to one another, viz., Wr sin ^, which tends to twist- 
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Fig. 184. 



the spiral counter clockwise, and W r cos ^ tending to bend 
the spiral so as to diminish its radius of curvature ; also W 
can be resolved into a shearing force W sin v^, and a thrust 
W cos V^. These two last may be neglected, and in most 
cases ^ is so nearly a right angle that the bending moment 
may be neglected, so that the twisting moment may be 
taken as W r. 

Let d be the deflection of a conical spiral of uniform 
section under a load W ; the greatest and least radii of the 
spiral are Hti, Ro ; I is the polar moment of inertia of the 
section, C is a constant depending on the form of section, G 
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is the transverse modulus of elasticity, I the increment of 
radius per coil ; then 

Circular Section.— For a circular section C = 1, 1 = ^^ , so 

that 

16 W 

and the stress 

If the diameter of the wire decreases with the radius, so that 

do:X/W 
the spring has equal strength at every section. If (i^. = M R, 

24 W 



5 = ?^4 (^-' - ^^') 



d=> 



\(^rJ -pJ^ 



s(«-'-«-o 



and the stress is 

so that the greatest safe deflection is 

and the greatest safe load is 

16 

For a given length of spring and weight of material a 
I circular section gives the least deflection. 

Elliptical Section, — This section is used for bufler springs, 
the larger diameter D. being parallel to the axis of the 
spring, and the smaller d at right angles thereto. 

4D2ci^ 

I = '^_dip^_±d^ 
64 

so that for a uniform section 
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If the coilfl just fit so that I — d^ then 

The greatest stress in the material is given by 

.^ 16 WR 

and is found at the extremities of the shorter diameter. 
It d'^ varies as B, the stress will be the same at every 
section. Let d^ =- M K, then 

GDZ^/Kl6KV / 7pA /J 

Rcctangvlar Section, — This is a very common form of 
section, especiallv in buffer springs, &c., where the coils 
overlap. ^ if the longer side of the rectangle is D, and the 
shorter is (/, then in beams subject to torsion 

Where / is the greatest stress produced by a couple T, a, 6, c 
are coefficients given in the table, and B is the angle of 
torsion per unit of length reckoned in radians (1 radian ^ 
180 deg. \ 

When one side of the rectangle is more than four times the 



Ratio of sides 2 
d 


a 


b 


c 


1 


•675 


•141 


•208 


2 


•930 


■229 


•246 


S 


•985 


•268 


•267 


4 


•997 


•280 


•282 


i 


•999 


'291 


•291 


6 


1-000 


298 


•298 


10 


1-000 


312 


•312 


20 


1-000 


323 


•823 


100 


1-000 


'331 


•331 


00 


1-000 


338 


•833 



■i 
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length of the other, the formula f = Qt B d may be taken 
wiuiout sensible error, and if D is more than 10 a, 

T = \ fjy d^ very approximately. 

For a spiral spring of rectangular section for all ratios of 
sides commonly met with (except when D = d\ 

1 ^ I >,d. « 

C 3 • 

so that for a spring of uniform section 

or if the coils just fit one another so that I = d^ 
Also, 

so that the greatest safe deflection is found to be — 

2Gd^' Rn 

where / and W are the greatest safe stress and load. In 
practice D is usually constant, and c diminishes with the 
radius. When d^ ia proportional to R, the maximum stress 
is constant Itd^ = M K, 

GII)M> 

It is, however, most convenient and sufficiently accurate to 
take the mean value of d, and to use the formula for uniform 
section. 
Sqttare Section. — For a conical spiral of uniform section, 

5 = 3MxW (R^4_Ko*). 



/ 



4 79 W Rn 



8^ 



For hardened steel G may be taken as 5,600 tons per square 
inch. 

Cylindrical Spirals : Circular Section. — In this case 

3 64 yi W R8 
where n is the number of coils. 
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The greatest stress is 

f 16 WR 

Elliptical Section. — 

5 ^ 32 wW R3.( D2 + <^2) 

.^ 16WR 

Rectangular Section D > 6d. — 

6«^rWR3 

GDrf« ' 
3.W.R. 



$ = 



Square Section, — 

2.^.w.R3.W 



5 = 



/ = 



•141. a. «* ' 

4 79WR 



S3 



Mr. HartneU has experimented on springs such as are 
used for governors and safety valves, and gives 60,000 lb. and 
70,0001b. per square inch as the safe stress for fin. wire, 
and 50,0001b. for Hn. wire. Ue finds that G varies from 
13,000,0001b. for Jin. wire to 11,000,000 for fin. wira 
When the diameter of wire is less than fin., he gives the 
maximum load — 

W = 12000 4^ 

XV 

and 5 = _WnR3 

180000 d^ 

The Board of Trade rules for the springs of safety valves 
are— 

" - i^t 
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where D = the diameter of spiral in inches 
n = number of coils 

W =3 the whole pressure on the valve in pounds 
C =» 8,000 for round wire and 11,000 for square wire 
E = 30 for square wire and 22*8 for round 

d is the diameter of the wire in inches in the first formula^ 
and sixteenths in the second. 
The formulae used by Messrs. Armstrong, Mitchell, and Co. 

are — 

35000 c? 3 



W = 
5 for load W = 



D 
•02333 n D^ 



d 
The first equation may be written in the form — 

W ^ = ^d^ X 89250 
2 16 

i.e.j f = 892501b.; 

and the second may be written thus — 

" » (I)" 



h = 



188000 d' 



SO that — = 188000 lb. 

64 

G = 12000000 lb. 

= 5400 tons nearly. 

For brass springs the above firm give— 

Vioooo/ 

and 5 = -0136 n ^ 

d 

for the greatest safe load W. 

Numerical Examples. 

Example I, — In a Ramsbottom safety valve there are two 
valves, each 3 in. in diameter, and the pressure at which the 
valve blows ofi is 1601b. per square inch. The mean 
diameter of the spiral is 3iin., and the diameter of the 
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wire is 11 in. There are six tarns, and the fall lift is ^ in. 
What is the stress per square inch before lifting and the 
initial extension of the spring, and what is the greatest 
extension and the maximnm stress. 

Let / = stress before lifting 

_ 16WR 

_ 16 X 2 X 7854 x 3' x If x 160 

IT X (-8126)3 

= 3760. 

B = initial extension 
64nWR3 

Let ^ = 180000 lb. 
64 

g _ 160 X 2 X 7854 x 3^ x 6 (1 75)^ 
180000 X (tfiao)* 
= -925 in. 
.*. greatest extension = 1175 in., and greatest stress — 

f X y^l^ - 4775 

Example II, — Each ball of a vertical governor of the type 
shown in fig. 181 weighs 5*8 lb., and at 180 revolutions per 
minute revolves in a circle of 4$ in. radius, the arms 
<»rrying the balls being then vertical, and those that lift 
the sleeve horizontal. The former are 4^ in. long and the 
latter 3|in. The lift of the governor at 189 revolutions 
is 1^ in. To design a suitable spring. 

If ia is the angular velocity, r the radius of revolution in 
feet, and W the weight of the two balls, the force exerted 
on the sleeve by their centrifugal force, at 189 revolutions 
per minute, is — 

F ^ W 3 4J _ 11-6 / 2 IT X 189 . y 6-835 4i 

the radius of revolution being readily shown to be 6*835 in. 

. •. Fi = 106 lb. 

The additional force exerted by the weight of the balls is — 

Fg- 11*6x12 = 7*9 lb. 
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since 1*96 iiL is the overhang of the balls, and 2*88 in. is the 

horizontal projection of the inner arm. 

' The total force F on the spring is therefore 113*9 lb. 

Let E be the radius of the spring, and d the diameter of 
the wire ; then 

W.R 



d^ = 



•195/ 

113*9 R 
11760 



(1) 



When the number of revolutions is 180, and the arms are 
vertical, the force on the spring is 

y _ll-6 / 180x2^ y 4S 4jr 
*^"-52"''V 60 / ''r2''3i 

= 68*6 lb. 

Hence F - Eg can compress the spring l^in., using the 
formula — 

WnR3 



d » 



180000 d^ 



.. ^ 45*3 nJR3 

^ 180000 d* ^""^ 

From equations (1) (2) we can find two of the three 
quantities n, R, d, if we assume one of them. Suppose 
R =: l§in., then 

^3 ^ 113*9 X l-375 _ .Q 33 
11760 

d = '237 in. = J in., say ; 

and from (2) 

1 80000 X (-237)^ X 1^ 
45*3 X (1*375)2 

= 7*2 turna 

Example III. — A safety valve has a diameter of 3 in., and 
the pressure is 160 lb. ; there are 11 turns in the spiral 
spring, whose mean diameter is 2} in., and it is of square 
section side d\ to find d and the necessary compression 
from the rules of the Board of Trade given abova 



224 AIR VESSELS FOR PUMPS. 



^ / 160 X 70686 X 2} \ 
V 11000 / 

= -656 in. = ?i in. 
3-2 



• - v^ 

d being in sixteenth?, 

^ 160 X 7-06 86 X (275)3 ^ i\ 

(10-5)* X 30 
= 7 in. 



CHAPTER XIX. 
Air Vessels for Pumps. 

When the piston or ]3langer of a pump is connected to a 
crank its velocity varies, and so also does that of the dis- 
charge. Now, if the pump discharges into a main of any 
length, and this change of velocity is communicated to the 
whole mass of water therein, the pressure in the pump and 
pipes wonld be enormously increased, and all parts would 
require to be much stronger, or there would be a breakdown. 
An air vessel is therefore fitted as close as possible to a 
pump, so that when the velocity of discharge is above the 
mean the water may enter the air vessel and compress the 
air therein, and when the velocity falls below the mean the 
air vessel may supply the deficiency, so that the velocity in 
the mains may be unaltered. When the head of water is 
great, compressed air is supplied to the air vessel to take 
the place of that absorbed by the water, but when the head 
is small it is usually sufficient to draw in a small quantity 
of air at each suction stroke of the pump. The quantity 
of water that flows into the air vessel may be obtained 
by calculation, which involves the integral calculus, or 
graphically in the following manner : It will be clear that 
the velocity of discharge at any instant is proportional to 
the piston velocity. Let E F, fig. 186, represent the stroke, 
and Q P, P C the connecting rod and crank ; then the ratio 
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of piston velocity to crank-pin velocity is C H : C P. Next, 
in fig. 185, take A C, C B each to represent the half revolu- 
tion, and let 

AH_ arnEP 

AC arcEPJb^' 
and make D H, fig. 185, equal to C H, fig. 186. By making 

N G 




this construction for R^veral points, we can set out the 
curves ADC and C G B. Again the mean velocity of the 

piston = -^ X the velocity of the crank pin. Let AK 

represent this velocity, C P representing that of the crank 
pin, and draw K L parallel to A B. Then the area M N K 
bears to the area K L B A the same ratio that the quantity 
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absorbed by the air vessel bears to the total discharge 
per revolution in the case of a double-acting pumn. 
If the pump is sinprlp-acMng, take A S equal to half 
AK. Then the area UNV is to the area ST BA as the 
surplus discharge is to the whole. Similar diagrams may be 
drawn for numps having cranks at right angles, or at 
120 deg. Fig. 187 is a diagram for two double-actinpt 
pomps naving cranks at right angles. The curves ADC, 
C E B are drawn for one pump in the same manner as the 

15m 
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curves in fig. 185, and through G and K points bisecting 
AC, C B. Similar curves are drawn for the other. If the 
ordinates are then added, the curves F P D, D Q H, d^c, are 
obtained. Then, since there are two pistoxis, M N is drawn 
parallel to A B, so that 

M A = — X velocity of crank pin, 

and each of the areas cut off i^bove it are proportional to 
the water discharged into the air vessel, the rectangle 
MNBA representing the discharge per revolution. The 




A Q c K B 

FiJ. 187. 

following table gives the percentage of the whole discharge 
per revolution that enters the air vessel, the obliquity of 
the connecting rod being neglected. 

Type of Pump. 

Excess per cent. 

Single-acting pump, one barrel 55 

Double-acting pump, one barrel 105 

Two double-acting pumps, with cranks at 

right angles 105 

Two single-acting pumps, with cranks at 

right angles 35 

Three-throw single or double-acting pumps, 

with cranks at 120 deg '58 

Five single-acting pumps 13 

Let p be the mean pressure due to the head h against 
which the pump works, and P the greatest pressure allowed. 
Let y be the volume of air enclosed in the air vessel, and v 
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the volume to which it is compressed when the pressarA 
rises from that of the atmosphere to p. To be accurate, V 
mast be measured from the top of the discharge pipe D (see 
fig. 188). Then— 

15 V = p,v. 

Let Q^ be the quantity entering and flowing out of the 
air vessel in cubic feet 
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{v - Q}) Y — V .p 



v = Qi + 



V p 



«- (l - ^) = QX 
V -p 



v = 



7V Q^ P 

16 {t - p) 
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If H, ^ are the heads of water corresponding to pressures 

34 (H - /i) • 

The greater the variation of pressure allowed in the air 
vessel— 1.6., the greater the fraction — ^^, the smaller will 

be the volume of the air vessel. Mr. J. Brackenbury, in a 
paper on " Famps and Air Vessels," read before the Hull and 
District Institution of Engineers, states that for a water- 
works engine discharging into a long main, where any 
alteration in the velocity of discharge is attended with great 
increase of pressure, 



p - 


p = 


3 
100 


P, 


p 
p-1 





103. 
3 


= 34J. 



so that 



On the other hand, for a circulating pump delivering against 
a small head, we may take 

^ =2. 



V-p 



In the Minutes of the Proceedings of the Institution of 
Civil Engineers, vol. Ixxviii., in a paper on "The Com- 
parative Merits of Vertical and Horizontal Engines, and on 
Rotative Beam Engines for Pumping,'' Mr. Rich states that, 
if provision is not made for breakdown, the volume of the 
air vessel should be forty times the amount entering and 
leaving it ; but this does not take the head into account, 
and it is obvious that as this increases the air vessel volume 
must also increase. If provision is made for a breakdown, 
he considers that twenty times the amount that enters and 
leaves the air vessel is sufficient, assuming that one barrel of 
the pump fails. Under such circumstances, he states that 
for eveiy 100 gallons discharged per revolution the capacity 
of the air should be — 

For two single-acting pumps, with cranks opposite, 550 
gallons ; two-throw pumps, 360 gallons ; two double-acting 
pumps, with cranks at right angles, 250 gallons. These 
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Fjg. 189. 
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volumes should refer to v, the volume of the air in the air 
vessel, and since 

V = 20 QS and w = ^^ 

r - p 

^ = 20. 



and V = |pQ\ 

When an air injector is used to supply an air vessel, its 
volume may be smaller than that obtained by the above 
calculations, because nearly the whole of the air vessel may 
be full of air. In this case, if Y is the volume of air in the 
air vessel when the pressure therein is equal to that of the 
head, 

(V - Qi)P = V.p 

V = Q^ + V ^ 



V = 






which is independent of the head, but varies with the type 
of pump and the length of the delivery main. The air- 
vessel volume must be made larger than Y, so that the joint 
at the bottom may be always covered with water. 

Fipf. 189 shows Wippermann and Lewis's air injector as 
applied to a plunger pump. It consists of a cylindrical 
vessel A, which has no working parts, the water itself 
forming the piston ; at the bottom of the chamber is a small 
pipe B fitted with a regulating cock C, which is attached to 
the pump valve box, immediately below the delivery valve. 
At the top of the vessel is fixed a small gun-metal valve box 
D, fitted with inlet and outlet air valves, and from this a 
delivery pipe E communicates directly to the air vessel G. 

The action of the apparatus is as follows, viz. : When the 
main pump draws its water it will partly empty the vessel 
A, the amount being indicated by the gauge F and regulated 
by the cock C ; on the return of the plunger, the whole of 
the air drawn into the chamber A will be deliyered into the 
air vessel G, because the pressure in the main pump, when 
delivering, is in all cases greater than on the suction sida 

Another apparatus is Appold's air regulator, fig. 190. Thi9 
water enters at the bottom on the delivery stroke of the 
pump, and passes not only through the cock at the centre 
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of the bottom of the air veoael, bnt alio through the valve 
at its left, ao that the cock may be arranged to prevent too 
rapid an oatflow of water, vhile the entry may be nnchecked, 
it having been fonnd that the same amoant of throttling 
Tonld not serve both tor infloiv and ontflow. It had been 



fonod in the first design that if the cock were opened 
enfficiently, the water would leave the vessel with a rush, and 
there was then nothing to prevent air ervtering the pomp. 
Mr. Appold designed an internal balance float which rendered 
the apparatus antomatio. This float was a flat, circular 
copper ttay, lined with gntta-percha, fastened to a tripod or 
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yoke, by which it was suspended to the end of a lever of the 
nrst order. The other end of the lever carried a counter- 
poise, which balanced the float. The lever fulcrum was hung 
irom a gun-metal suspension bolt, screwed home through a 
a boss in the dome of the water vessel The bottom of 
the float carried a little flat valve in brass, so that when the 
water level fell, instead of going awa]^ at a gulp into the 
pump, the outlet was closed, and a certain level was always 
maintained in the water vessel. The suction and delivery 
valves are ball valves at the side and top. This description, 
with fig. 190, is taken from the remarks made by Mr. Amos 
in the discussion on this paper on air vessels, already 
referred to. 



CHAPTER XX. 
On Flywheels. 

Singe the eflbrt exerted by an engine is variable, and the 
resistance is, for a time at least, constant, the velocity of 
rotation would vary considerably at diflerent parts of 
the revolution, if a flywheel were not used to store and 
restore the surplus energy. 

The energy of the flywheel is where W is its weight, 

and y the mean velocity of its rim in feet per second. Let 
Vx, Y2 ^ ^^ greatest and least speeds ; then Y, the mean 
velocity, = i(Vi + Vg) very nearly. 

T .* Vi - V2 _ 2(Vi - V2) 

According to Professor Unwin, the following are suitable 
values of n : — 

n = 

Engines doing pumping 1/20 

Engines driving machine tools 1/35 

Engines driving textile machines 1/40 

Engines driving spinning machinery... 1/50 to 1/100 
Engines driving electric machinery 1/150 
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Let E^be the energy stored and restored by the flywheel ; 
then 



E 



W (Y, - V,) (V, + V,) 



2g 



g 



The quantity E may be found in the following manner : 
In fig. 191 is shown the diagram of twisting moment of a 
single-cylinder double-acting engine AB, BC» each represent- 
ing half a revolution. The line E F is drawn at a height 
above A C equal to the mean twisting moment ; the area 
above C D represents energy stored, and that below D Q the 




Pio. 191. 



energy given out again, and the two are equal to one 
another. Let T be the mean twisting moment, and let C D 
be divided into a number — say ten — of equal parts, and the 
mean ordinate be t ; then 

t CD 
^ "== r^ A r^ X work done per stroke. 
T. AB 

In engines having several cranks, or having cylinders 
whose lines of stroke are not parallel, and which act on one 
crank, the twisting moment diagram will have several parts 

ger revolution, such as that above CD ; only one of tnese, 
owever, must be taken, as its area represents the energy 
stored by the flywheel. 

The following table gives the weights of flywheels for 
certain types of engines :~ 
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Table of Flywheels. 
Simple Engines, 



Type of engine 

LH.P 

Diameter of c jllnder 

Stroke in inohea 

BoTolutloni 2>er minute 

Diameter of flywheel In inche^ 

Boiler pressure 

Normal out-off In inches . . . . 
Weight of flywheel in cwts. . . 



HS 


HS 


HS 


HS 


HS 


HS 


HS 


• • 


62J 


Btk 


42 


60 


600 


1000 


9 


W 


io» 


11 '8 


14* 


28* 


40 


18 


20 


20 


88 6 


80 


42 


120 


100 


100 


100 


110 


70 


00 


46 


84 


84 


84 


08 


182 


180 


860 


60 


60 


60 


80 


80 


60 


65 


• • 


6 


10 


6'6 


7* 


• • 


80 


20 


84 


84 


40 


66* 


180 


1090 



BP 

202 
48 

108 
11 

824 

85 

20 

1000 



Compound Engines, 



Type of engine | 



I. H.P. 



H S 

160 



Diameter of H.P. cylinder 

Diameter of L.P. cylinder .... 
Stroke of H.P. piston . . . . : . . 

Stroke of L.P. piston 

Revolutions per minute 

Diameter of flywheel in inches 120 

Boiler pressure |l20 

Normal cut*ofF in inches .... 
Weight of flywheel in cwts. . . 



18 

22i 

24 

24 

90 



OSi 



H S 
T 

90 


HS 
T 

25 


HS 
T 

• • 


HS 
T 


HS 
A 


H 6 
T 

900 


a 8 

T 

1200 


B P 

A 

• • 


BP 
A 

119 


1120 


1800 


18 


6 


1-4 


24* 82 


27 


30 


22* 


21 


21 


10 


22 


46 60 

1 


40 


61 


46 


86 


24 


12 


SO 


72 


84 


66 


06 


66 


06 


24 


12 


SO 


72 


84 


66 


ee 


66 


66 


76 


160 


86 


60 


60 


76 


70 


22 22 


108 


78 


120 


S60 


408 


204 


240 


180 171 


80 


70 


66 


80 


100 


60 


00 


60 


60 


12 





16 


IS 


21 


SS 


SJ 


• ■ 


• • 


80 


10 


76 


1200 


1660 


600 


900 


166 


87 



HP 
A 



284 
801 
54 

48 

48 

25 
188 

80 

16 
125 



* Two engines. 

In the above table HS stands for hnrisontil utatiuuary euffine, HSAfor the 
same with cranks at right angles. H S T for hurisonral stationary tandem, D F for 
beam pumpinflr engine, B P A for the same with cranks at right angles, and H P A 
for a horizontal pumping engine having cranks at right angles. 
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The Com fens at ino Cylihdees of the Wobthinotom 
FuMPiNO Ehgine. 

These may be described in connection with the subject of 
flywheels, u they act in the same manner, storing ap 
energy when the steam pressure is greater than the 
resistance, and returning it when through expansion the 



pressnre falls. The Worthington pamping engine has no 
crank nor flywheel ; the piston rod has the piston at one 
end and the plnnger at tbe other, and there is nothing 
except the steam pressure to determine the length of stroke. 
There are always two tandem engines placed Bide by side. 
Each engine works its own ezpaoaion valves, bat the 
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diatribntion -valvea are actuated by the other. At first 
theie engines were made with very little expanuon, bo that 



the presanre at any point differed very little (rom the 
resistance, but under these ciroiim stances they were not 
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economical, and in order to increase the expansion of the 
steam the compensating cylinders were devised. These 
consist of plangers working in oscillating cylinders, fig. 
192, these being connected to air-compressing pumps or to 
the delivery main. The plangers are connected to the end 
of the piston rod, or in some cases they are placed between 
the steam cylinders and the pump. They exert a force 
2P cos where P is the pressure on each plunder, and 
the inclination of its axis to the horizontal This force 
resists the motion during the first half of the stroke, and 
assists it during the second. 

Fig. 193 shows the diagram of resultant pressure on the 
pistons A" B" K". W W is the almost constiuit resistance of 
the pump, and A' B' K' is the diagram showing the action of 
the compressors. It will be at once seen how very nearly 
constant is the combined effort of pistons and compensators. 
Without the latter the engine cannot finish its stroke, and 
this is an advantage, especially when pumping oil to a 
distance, for if a break occurred in the pipes, much oil 
would be wasted if the engines were not immediately 
stopped. The sudden fall of pressure prevents the com- 
pensators doing their work, and the motion of the pistons 
ceases. 



CHAPTER XXI. 
The Diagram Factors of Compound Engines. 

If the cut-off be at -th of the stroke of an engine, the 

r 

steam will be expanded r times. Neglecting clearance and 
the mean absolute pressure, p may be calculated from the 
formula — 

1 + hyp. loor. r 

P = Pi -^ -1 

r 

where p^ is the initial pressure absolute. So that if p2 is 
the mean back pressure absolute, the effective pressure 

Pz is— 

1 + hvp. lofir. r 

Ps = P - P2 = Pi — • -: - P2' 

r 

When the compound engine was first introduced, one of 
the objections to its use was that for a given initial absolute 
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preflsnre, and a given total number of expansions, the mean 
pressure referred to the area of the low-pressure piston was 
generally less than what it would have been had the same 
number of expansions taken place in the low-pressure 
cylinder with the same initial absolute pressure ; or, to put 
it in another way, if the combined diagram of the compound 
engine was made, its area was smaller than the area of an 
id^ single-cylinder engine having the same expansion and 
initial pressure. We do not intend to deal with any of the 
reasons for this apparent loss of power, but shall show to 
what extent it occurs in different types of engines. By the 
term diagram factor we mean the ratio of the mean pressure 
of a compound engine, referred to the area of the low- 
pressure cylinder to the mean pressure that would have 
been obtained had the steam expanded hyperbolically in the 
low-pressure cylinder, with the same number of expansions 
and the same boiler pressure, taking the back pressure as 
3 lb. in a condensing engine, and as 18 lb. in a non-condensing 
engine. 
If we put this mathematically, the diagram factor 

^ __ H.P. X 83000 . 

where H.P. = horse power, 

L = stroke in feet, 

A = area of piston of low-pressure cylinder, 

N — number of strokes, 
and Ps is calculated as explained above. 

The following numerical examples will make the methods 
of calculation evident : — 

Triple-expansion Engines of the Hispania. 

Diameters of cylinders, 20 in., 31 in., and 52 in., with a 
stroke of 3 ft. Revolutions, 68'93. Horse power, 613. Cut- 
off at '47 in high-pressure cylinder. Boiler pressure above 
atmosphere, 140. The total number of expansions, neglecting 
clearance, is 

p = 155 ^-±-'^^°^i^ = 155 X -254 = 39 3 : 
;?3 ^p -p^ = 39-3 - 3 = 36 3 



h^ 
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H.P. X 33000 
PsLAN 

613 X 33000 
36 5 X ;5 X 2123 7 x 137 86 



= •63. 



WiLLANs Compound High-speed Single-acting Non- 
condensing Engine. 

Boiler pressure 135, areas of pistons 71*47, 141'34, stroke 
6 in., cut-off in high-pressure cylinder '336, mean pressure 
referred to the area of the low-pressure piston 38. 

The number of expansions 

^ 150 1 + hyp- ^og» 5 9 ^ ^gQ ^ -47 = 705; 
^ 5 9 ' 

Vz^V - V^'^^ 70*5 - 18 = 52-5, 
^2 being 18, because the engine is non-condensing. 

52*5 

It will be readily seen that, given the horse power, revolu- 
tions, boiler pressure, and number of expansions, we can 
find the volume of the low-pressure cylinder if we know the 
diagram factor ; after which it will not be difficult to find a 
suitable diameter and stroke. Then, from other reasons 
which we cannot go into at present, the cut-off in the high- 
pressure cylinder may be fixed, from which its volume may 
also be found. To give an example, suppose we require the 
diameter of the cylinders of a compound horizontal Corliss 
mill engine, with cranks at right angles, and are given boiler 
pressure 90, with 15 expansions, and piston speed 700 ft. per 
minute, to develop 1,100 horse power, the cylinders being 
well clothed, but not jacketed. For this we may take 
k = -78. 



k^ 



A = 



H.P. x 33000 . 
H. P. X 33000 . 
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.-. A = 



also 



P3 = Pi 



1100 X 330 00 . 
•78 X ps X 700 ' 

1 + hvD. loor. 15 



15 



- 3 



.-. A = 



= 105 X -247 - 3 = 26 - 3 = 23 ; 
1100 X 33000 



•78 X 23 X 700 



= 2890, nearly. 



so that a diameter o£ 60j in. will be very near the right size. 
Let a =■ area of the high-pressure cylinder, and suppose 
the cut-off is chosen at 23 per cent of the stroke, then 



A = 15 X -23 a ; 

2890 



.". a = 



15 X 23 



= 840, 



corresponding to a diameter of 32| in., nearly. 

In the table below, k is the diagram factor, r is the num- 
ber of expansions, the pressure p^ is the absolute pressure in 
the boiler, or 15 lb. above the working pressure of the boiler, 
and P.S. means piston speed. J means that jackets are used, 
and N that they are not used. Where there is any doubt as 
to whether the engine is condensing or non-condensing, the 
letters C and N C are used. 

Type of Engine. 
Pumping Engines— 

Worthington, high duty, J 

Compound differential, J C 

Compound differentiil, J N C 

Horeland's compound rotative verti- 
cal, J 

Woolf beam, J 

Tandem beam, with receiver, J 

Leavitt's compound rotative beam, J 

It will be noticed in the above that k is very high, and 
lies between '81 and 1, with moderate expansions, and this 
is probably due to slow speed and jacketing ; with such high 
values of r as 17'4 and 18*2, k rises to 1 10 and 1*15, which 
is probably owing^ to the clearance, which reduces the real 
number of expansions. 



k 


r 


Pi 


P.S. 


( -86 . 
1 ■» • 


. 9^2 


74 3 


.. 97-5 


. 13-2 


95-4 


.. 85 


(1 


. 14^1 


. 101-9 


. . 86-9 


•81 . 


. 10 


68 


• . "— 


(1 


. 5A!i . 


60 




(1 


. 4-27 . 


60 


— 


hl5 . 


. 18-2 


84 


— 


( -82 . 


. P-33 . 


58 


.. 195 


■ 1-19 . 


. 17-4 


62 


. 215 


•93 . 


. 14 


76 , 


. 263 


•92 . 


. 14^2 


. 105 


. 260 
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Type of Engine. 

Oompound Mill Engines, — k r Pi P. 8. 
Corliss horizontal, two cylinders, 

with cranks at right anprleg, N. . . *86 .. 10*3 .. 92 .. 420 

Corliss tandem horizontal, N *76 ..11*86 .. 95 .. 648 

Corliss horizontal, two cylinders, with 

cranks at right angles, N -81 .. 15*05 .. 107 .. 703 

Compound marine engines, scrdw 

steamship Rush, two cylinders, 

cranks at right angles, J '75 .. 6*96 .. 87 .. 319 

Screw steamship Koning der Neider- 

land, J, same as above '7 .. 5*9 .. 74 .. 412 

Steamship Lusitania same as above.. '67 .. 5*64- .. 70 .. 347 

Compound locomotive, Worsdell'sl '.^* *• ^'.^^ •• JJ^ •• \^^ 

Expre8s,N ^^^.^ ;; ^.^g ;; ^^^ ;; ^gd 

Russian passenger :Grazi and Tsarit- f :^^ ;; l^ ;; ^ ;; ^ 

am Railway. N \ .g^ ;^ ^.^^ ;^ 1^0 ; ^j 

? -5 .. 4*07 .. 150 .. 2d2 

; Russian goods :N } [% ;; 3:19 .. 150 .. 234 

( -82 .. 2*33 .. 150 .. 174 
Passenger locomotive, Bayonne and 

Biarritz Railway, N -716 .. 4*62 .. 165 .. 319 

Passenger locomotive, Paris andf "63 .. 2*45 .. 135 .. 745 

Orleans Railway, N ( '7 .. 3*8 .. 135 .. 686 

/ -7 .. 8-47 .. 150 .. 404 

Willans' vertical tandem, high-speed. J ^^^ *• ^ •• }^^ •' JJX 

single-acting, non-condensing, N-j .^^^ ;; |.| ;; J^J ;;• |J^ 

I -835 '.'. 4*2 !'. 117 ".'. 100 

In the following table for triple-expansion marine engine?, 
the mean valae of the factor from ten examples is '635. 

Type of Engine. 
Triple-expansion Marine — ^• r Pi P.S. 
Steamship Westmoreland, three- 
throw crank, J -71 .. 13*1 .. 160 .. 408 

Steamship Hispatiia, same as above.. *63 .. 14*4 .. 155 .. 414 

Steamship African, same as above .. '67 .. 12*6 .. 165 .. 513 

Steamship Para, same as above '74 .. 15*6 .. 165 .. 340 

Steamship8bakespeare,sameasabove *697 .. 11*6 .. 155 .. 894 
Steamship Kaiser Wilhelm, same as 

above.. -53 .. 8*45 .. 172 .. 800 

Steamship Arabian, two cranks, tan- 
dem, with two H. P. cylinders, N -60 .. 8*4 .. 165 .. 388 
Steamship Claremont, two cranks, 

semi-tandem, converted •5i .. 10*5 .. 165 .. 435 

Steamship Mariposa, three-throw 

crank -615 .. 11*06 .. 175 .. 520 

Name unkno x^n, diagrams taken from 

The Practical Engineer, 'March IS. *62 .. 18*6 .. 173 .. 486 
(In the last three examples no informa- 
tion could be obtained as to jackets.) 

Willans' triple-etpansion high-speed J '69 .. 6*33 .. 167 .. 409 

non-condensiug tandem, N ....( '71 .. 6*75 .. 187*5 .. 400 

The probable value of k for a compound marine engine is 

about '7; for a Corliss horizontal engine, without jackets, 

from '76 to *86. For the compound locomotive it is difficult 

16m 



I 
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to fix any value ; nevertheless at a high piston speed of 
from 700 ft to 800 ft. per minute, h = -63 or '64; and at a 
slow si>eed, say 170 ft per minute, h increases to about '8. 
For a given engine, the slower the speed the arreater is iS;, as 
will be seen in the last three examples of the Willans engine. 
We believe that this is due to there being less wire-drawing 
and more time for initial condensation to take place, the 
subsequent re-evaporation during expansion increasing the 
mean pressure. 



CHAPTER XXII. 

Method of Drawing Theoretical Diagrams of 

Compound Engines. 

In every case which we have seen in which this subject 
has been treated, theoretical diagrams are drawn in which 
wire-drawing at cut-ofi and drop in pressure caused by the 
resistance of the passages between the cylinders during 
admission have been neglected, nor is anything said about 
the manner in which these theoretical diagrams must be 
modified to obtain from them the probable diagrams. After 
considerable study of the subject, we have come to the con- 
clusion that it is best to make certain allowances for drop in 
the receiver and wire-drawing at cut-ofif during the first 
calculations, and thus make the theoretical diagrams resemble 
at once as nearly as possible the probable diagrams. The 
object of setting out these is to obtain the best proportions 
of cylinders. For example, in a compound engine with 
cranks at right angles, it will generally be desirable to 
obtain equal power in the two cylinders, equal initial 
stresses, and only the most economical amount of drop in 
pressure when the steam is exhausted. In our opinion it i n 
the best to first calculate the size of the low-pressure 
cylinder^ assume some point of cut-ofi* in the high-pressure 
cylinder which, with the assumed number of expansions, 
will give its magnitude ; to then set out the probable 
diagrams, and if any faults appear in them to correct them 
by altering the size of the high-pressure cylinder. In 
designing triple and quadruple expansion engines, the mag- 
nitudes of the intermediate-pressure cylinder or cylinders 
will also have to be calculated, and if necessary altered 
subsequently. These can readily be calculated from the 
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high-pressure and low-pressure cylinders, in a manner to be 
explained farther on. This takes some little time, bat is 
preferable to the asaal theoretical method, becaase correct 
instead of incorrect resnlts will be obtained. For example, 
in drawing the theoretical diagrams of a compoand engine, 
with cranks at right angles, neglecting wire-drawing and 
drop of presiBare in the receiver, we foand that for eqaality 
of horse power in the two cylinders cut-off in the low- 
pressure cylinder had to take place after half -stroke ; 
whereas in actual practice it was at about one-third of the 
stroke, owing to the faults above mentioned. We may here 
mention that the earlier the cut-off in the low-pr^sure 
cylinder, the greater is the power developed therein. 

To explain what we believe to be the best method of 
constructing these diagrams, we shall first take the case of a 




Fia. 194. 



compound engine with cranks at right angles ; the diagrams 
are shown in fig. 194. The volumes of cylinder and clearance 
of receiver, and of low-pressure cylinder and clearance, 
are B.ch, R, L, ci. The steam is admitted at pressure po, 
which is below the boiler pressure, and is cut off at pressure 
Ply which is always less than po. because of the wire-drawing 
that takes place at cut-off. This is least with Corliss valves, 
because they close rapidly. The expansion curve 12 is a 
hyperbola ; the exhaust in reality begins before the end of 
the stroke, but for simplicity it may be treated as if it takes 
place instantaneously at the end, an inclined line, such as 
2'3, being afterwards drawn before the mean pressure is 
calculated. Then 

P2 (H -I- ch) = i?i {k'K + ch\ 
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-where h is the fraction of the stroke at which cnt-off takes 
place. Next assnme p 7 and p 1 1 the pressures of compression 
in the two cylinders. The point of cut-off in the low- 
pressure cylinder is 8, the fraction of the stroke being ^1, 
here less than \y and, if the steam expanded as a perfect gas 
at constant temperature, we should have 

Ps (Jc^Jj + Cl) - PioCt = /?i (^H + Ch) - P7 Ch. 

Actual diagrams generally show that the quantity on the 
left-hand side is less than that on the right ; this is prin- 
cipally caused by wire-drawing, and the pressure in the 
cylinder is always less than that in the receiver. For 
purposes of calculatiou, we may write 

ps {kiL + ci) - pio ci = A [(pi (kB. + ch) - pj Ch)], 

where A is the coefficient, which may be given an average 
value for each type of engine. The pressure left in the 
receiver is Ps, and may be found by putting A equal to 
unity. This is the pressure when the high-pressure 
exhausts into the receiver, so that 

P2 (H + Ch) -f- Ps R = J03 (H -I- a + R). 

Neglecting the obliquity of the connecting rod, supposing 
that admission to the low-pressure cylinder is instantaneous, 
the steam will be compressed to a pressure P4, at half stroke 
of the high-pressure piston, and 

p^iiB. + Ch + R) = pz (Q. + Ch + R), 
and 
P^{\Bl + Ch + R) ■\- p\o ci ^ pz {\B. + Ch + R + ci ), 

so that the theoretical diagram would show a sudden 
drop in pressure. In the actual diagram this never 
appears, because admission to the low-pressure cylinder is 
gradual, and even if the port were opened suddenly the 
pressure in the two cylinders would not be suddenly 
equalised. A line from 3 to 5 agrees very closely with the 
actual diagram. In the actual diagram the point 5' is below 
5, because of the resistance of the passages between the 
cylinder ; the difference is from 2 lb. to 5 lb. Compression 
still continues, because the high-pressure piston is moving 
rapidly and the low-pressure piston slowly. The curve 56 is 
best drawn by finding the volume Y filled by the steam for 
any position of the high-pressure piston, and using the 
equation — 

/9 . V . = Ps (i H -f C7. -f R -f c ), 
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the correspondiog positions of the two pistons, and there- 
fore the voiume tilled can be f oand from fig. 195. If A B, 
C D be drawn at right angles, and A H E is the angle made 
by the high-pressnre crank with the line of stroke, then 
CHE will be the angle made by the low-pressure crank. 
The portion of the high-pressure stroke to be completed is 
F B, and the low-pressure piston is G C from the commence- 
ment. If we draw from 7 a hyperbola whose asymptotes 
are ab and the line of no pressure, it will intersect this 
carve in the point 6, which gives the point of compression. 
If there were no fall of pressure between the two cylinders, 
the point 6' would be on a level with 6 ; in practice it will 
be from 21b. to 51b. below this. After compression has 
commenced in the high-pressure cylinder, this generally 
taking place before cut-off in the low-pressure cylinder, the 




steam expandfl in the receiver and this cylinder, so that the 
curve 6'8 would be a hyperbola, with asymptotes a 6, bk, if 
there were no wire-drawing. This hyperbola may be 
drawn through 6' to a point close to 8' when the pressure 
falls rapidly, as shown in fig. 194. The curve 89 is an 
hyperbola with cd^ dh as asymptotes, the dotted lines at 
the right showing the exhaust. 
Next let us suppose cut-ofi after half stroke, fig. 196 ; then 

jOg (H -h ca) = pi (^ H -I- ch) 

p's (^1 L + a ) - Pioci = A [px (kH + Ch) - po ch] 

The curve 8'9 is a hyperbola with cdydh&a asymptote?. 
At half-stroke the pressure suddenly increases in the 
low-pressure cylinder, because exhaust takes place in the 
high-pressure cylinder, and this for simplicity is supposed 
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to be instantaneons, and at the end of the stroke. Point 8 
is from 21b. to &lb. above 8' ; while the high-pressure piston 
moves from 3 to 8 the low-pressure piston moves from 3' 
to 8' — that is, from mid-stroke to cat-off. Let I be the 
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Fio. 196. 

fraction of the stroke of the high-pressure piston that 
remains when it has reached 8 ; then 

p'^{B. + ch + R + ci + ^L) =^ p's (IR -^ ck + R + ci + kj^ L). 

and point 3 may be drawn as much above 3' as 8 is above 8'. 
Draw 84 a hyperbola, with cdydm asymptotes, so that 

P4^(iB.+ch+R)='ps{lB.+ch+ K), 
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and 



Fig. 197. 



p^{i'H. + ch+ R + ci) ^ P4^(iBi + Ck + R) + pioci. 

A line from 8 to 5 will agree closely with practice. We 
must next take 5' and 6' from 2 lb. to 5 lb. below 5 and 6, and 
we may find Pq thus : Draw a hyperbola 76, whose 
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8symptotes are ab, hm, until it intersects the curve 56, 
drawn as explained in the last case; lastly, 12.6' is a 
hyperbola having abybh for its asymptotes. 

A third case is shown in fig. 197, when the arrangement of 
cylinders is what is ceJled ^^tandem,'' oi^ when the two 
pistons are connected to two cranks at 180 deg., the diagrams 
take this form, 

P2 (H + ch) = Pi (kK + ch) 

pU (kiJj + ci) - Pq CI = a [pi (kK + Ch) — peCh] 

where A is a coefficient generally less than unity ; p4 is from 
2 lb. to 5 lb. more than p\, and may be calculated by the 
equation 

P4 {kiJj + ci) — Pq ci ^ pi (k E. + Ch) - Pe Ch 
p^ (E + ch+R + ci = P4, [(1 -ki)B. +ch + R + ci + ki L], 
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FlO. 198. 

Point 5 may be found by drawing two intersecting 
hyperbolae, 65 and 45, with asymptotes ab,bm and cd^dm 
respectively, because the former is the curve of compression 
of steam in the high-pressure cylinder, and the latter .of 
steam in high-pressure cylinder and receiver after cut-off in 
the low-pressure cylinder. We must take 3' from 2 lb. to 
5 lb. below 3. 

In triple-expansion engines with three cranks at 120 deg. 
the sequence of cranks may be low, intermediate, high, or 
the reversa These two arrangements are called low and 
high pressure cranks leading. The former arrangement 
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gives less range of temperature and initial stress in each 
cylinder, bnt in spite of these advantages there are many 
engineers who prefer the latter arrangement. Fig. 198 shows 
the high and intermediate pressure diagrams with low- 
pressure crank leading. In fig. 199 A B and C D are two 




Fig. 199. 

diameters at 120 deg. By drawing perpendiculars E F, E Cr 
from any point E on the circle, corresponding points of the 
strokes of high-pressure and intermediate pistons are found, 
the obliquity of the connecting rod being neglected. When 
E is at B the exhaust from the high- pressure cylinder is 
taking place, and admission to the intermediate does not 
commence until E has reached C and the high-pressure 
piston has made one-quarter of its return stroke. Compres- 
sion takes place during this period in the high-pressure 
cylinder and receiver, and this is shown by the line 34 
There is a slight drop when admission to the intermediate- 
pressure cylinder commences, and the pressure then rises in 
both cylinders, because the high-pressure piston is moving 
with considerable velocity and the intermediate-pressure 
piston very slowly at first. If there were no resistance to 
the flow of steam through tbe passages, the pressure would 
be greatest when the areas of the two pistons, multiplied by 
their respective velocities, become equal to one another. 
When compression commences in the high-pres&ure cylinder 
expansion continues in the receiver and intermediate- 
pressure cylinder until the point of cut-off, which we shall 
assume to be not later than three* quarter stroke, so that 
the exhaust from the high-pressure cylinder, supposed to 
take place instantaneously and at the end of the stroke, 
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oocnrs after cnt-ofi in the intermediate-pressnre cylinder* 
The equations are — 

•pi (kK + ch) = P2 (Sl + ch) 

??8 ( ^1 I + ci) - ^10 ci = A[pi { k K + ch ) - p7 ch] 

where I and a are the volumes of the intermediate cylinder 
and its clearance, and ^i is the fraction of the stroke at 
which cut-off takes place. If there were no wire-drawing, 
the pressure in the receiver at the moment of exhaust from 
the high-pressure cylinder would be ps, but it is larger than 
this, and may be calculated by the equation — 

Tsikil + a) - pioCi =pi(kB. + ch) - piCk 

and 

P2 (H + CA ) + Pg E = ??3 (H + c;t + R) 

= P4(iH + CA + R) 
T^ {iK + ch + R) + Pio a = ps { iB. + ch + R + a ), 

The curves 6 6, 5' 6' are found by construction, as in fig 194, 
corresponding points in the latter being taken from 2 lb. to 
51b. below those in the former. The curve 6' 8 would be 
part of a hyperbola, because expansion is taking place in 
the receiver and intermediate -pressure cylinder, but wire- 
drawing makes it drop rapidly just before cut-off. The 
pressures during the intermediate-pressure exhaust stroke 
and low-pressure admission may be found in a manner 
similar to the above ; a coefficient B must be used, in the 
same manner as A above, in the equation containing the 
pressure at cut-off in the low-pressure cylinder. 

When the high-pressure crank leads, the relative positions 
of the high- pressure and intermediate-pressure pistons is 
shown by fig. 199, the direction of rotation being opposite to 
that shown by the arrow, so that when the high-pressure 
exhaust stroke commences the intermediate-pressure piston 
is at quarter-stroke, and the pressure rises from 9 to 3', fig. 
200. The steam then expands in both cylinders and the 
receiver until steam is cut off in the intermediate-pressure 
cylinder, when compression takes place in the high-pressure 
cylinder and receiver until three-quarter stroke ; when steam 
is admitted to the other side of the intermediate-pressure 
piston, there is a sudden fall of pressure from 5 to 6, and 
steam is first compressed and afterwards expanded in both 
cylinders and the receiver until compression commences in 
the high-pressure cylinder, when the steam in the receiver 
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and intermediate-pressure cylinder expands until quarter- 
stroke. In the actual diagrams the sudden changes of 
pressure 56 and 93' do not appear, and a line drawn from 4 
to 6 will agree closely with the actual diagram, and the 
actual curve of admission may be drawn about midway 
between 9 and 3', allowance being made for drop of pressure 
between the two cylinders. 
The equations are as follow : — 

P\(K^ + Ci) - ;?i2Ci = A[pi(A;H + ck) - psCk], 

Pa may be found from the above by putting A »= to unity. 
We can find from fig. 199 the volume V between the high- 
pressure and intermediate-pressure pistons, and since from 
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3 to 4 the steam is expanding in the two cylinders and the 
receiver — 

^3 (H -H a + K + Ci + J I) = JO4 V, 

and 3' may be taken from 2 lb. to 5 lb. below 3. From 4 to 5 
compression takes place in the high-pressure cylinder and 
receiver, so that, if Y 1 is the volume filled by the steam at 4, 

??4Vi=P5(iH-f-CA +R), 

and peiiB. + ch + R + a) = ps (IB. + ch + R) + P12 c%. 

The curve 67 may be found in the same way as 56, fig. 194, 
and 7' 9 is part of a hyperbola, expansion taking place in the 
receiver and intermediate-pressure cylinder until quarter- 
stroke. The low-pressure diagram and the exhaust line of 
the intermediate-pressure diagram may be found in a similar 
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maimer ; a coefficient B must be used in the same manner as 
A above in the equation containing the pressure at cut-off 
in the low-pressure cylinder. 

The following is the method of finding from actual 
diagrams the value of A and B. ' The diagrams, fig. 201, are 
taken from The Practical Engineer of July 28th, 1893. They 
are those of a horizontal tandem mill engine, cylinders 
21 in. and 42 in. diameter, and 5 ft. stroke, so that the high- 
pressure volume is one-quarter that of the low-pressure 
cylinder. Lines a 6, c d^ ef^ g h are drawn parallel to the 
atmospheric line, so that they cut the expansion and 
compression curves. The length of the front diagram is 



FRONT. 




■OILtll PRCMUn LI*M. 




HICH-PRCSSURCCYLINOCR. 



ri»ONT. 



BACK. 




LOW- PRESSURE CVLINDCR 
Fio. 201. 



317 in., and a 6 is 1*59 in., and the pressure at a or 6 is 66*75 
absolute. Here, then, the volume represented by a 6 is 



V = 



rrft.H 1-59 



H, 



M .., 3 17 

where M is the length of diagram and H the volume of the 
high-pressure cylinder. If, then, we use the figures in fig. 
143, and if p is the pressure at a or 6, then 

p. V = Pi(l'H + ca) - pach) 

= 66 75 X — H = 33-5 H. 
317 

Treating the back diagram in the same way, we find 

pV = 30-4H. 

The mean value is 

31-95 H. 
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In the low-pressure front diagram, if P is the pressure at 
^/, and V the volume represented by that line, 

'Pv = p^^{kiL + Cl) - pg CI, 

The length of this diagram is 3'22in., efia 1*89, and 

P = 11-17 
absolute, so that 

P i; = 111^ ^^IJ^j X L = 26-3 H, 

since 

L = 4H. 

The same quantity for the back diao^ram is 26*25 H^ 
The mean value of P v is therefore 26 275 H ; but 

A = I^ = f?^- = -822. 
pY 3195. 

If no line can be drawn cutting both compression and 
expansion curves, we cannot use the diagrams for this 
purpose unless the clearance volumes are known, which is 
not often the case; knowing these, the values of pY Vv 
can be calculated by taking two points, one on the expansion 
curve and another on the compression curve, in each 
diagram ; the product of pressure and volume on the former 
is Pj^ (k'H. + ch) on the high-pressure diagram, and on the 
latter is po ch, so that the difference of these two is pY. 
Again, in the low-pressure diagram we can obtain from the 
points on expansion and compression curves p8 (^i h + ci) 
-jt>ioC^,fig. 194, which equals Pv. Thus in the mean 
diagrams of the ** Colchester's " coibpound inverted screw 
engine with cranks at right angles, tested by Professor 
Kennedy, we have — 

L = 3-61 H, Ch, = '0939 H, ci ^ '0623 L. 

The compression pressure in the high-pressure cylinder is 
37 '2 and in the low-pressure cylinder 10 absolute. 

At 70 per cent of high-pressure stroke the pressure ia 
63 2, so that we obtain — 

p^{kH + Ch ) = 63-2 X -7039 H = 5015 H 

P7 c/i = 37-2 X 0939 H = 3*49 H ; 

:.pY = AQ,'m. 
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At 80 per cent of the low-pressure stroke the pressure is 
13*7 ; whence — 

P8(^i L + cj) = 13-7 X -86231 •= 4265 H 

pioci = l0x -0623 L = 2-25 H ; 

.•.Pv = 40-4 

A - i?l = -869. 
46-66 

An average value of A for compound engines is *85, and 
for triple-expansion engines A and B may be '89 and '77 
respectively, these being the means of a large number of 
examples. 

It is impossible to give any fixed rules for the drops from 
boiler to initial and cut-oii' pressures in the high-pressure 
cylinder, as these depend on piston speed, area of passages 
and point of cut-off, distance of boiler from engine, and 
bends in the steam pipes. In a large number of cases from 
triple-expansion engines it was between 41b. and 161b. from 
boiler to admission, and the mean value was a little over 
101b. ; the drop from boiler pressure to cut-off was from 
23 lb. to 37 lb., and the mean value a little over 281b. In the 
diagrams of compound engines, with slide valves, the above 
mean values were 12 lb. and 23 lb., and varied between 5 lb. 
and 191b. for the first, and 191b. and 301b. for the second. 
The boiler pressure for the triples was between 1501b. and 
170 lb. ; and for the compounds from 60 lb. to 110 lb. 

Examples of diaftrams of Corliss engines may be found 
in D. K. Clark's '* Steam Engine"; and of compound loco- 
motives in several volumes of the Proceedings of the 
Institution of Mechanical Engineers. 

To find the size of low-pressure cylinder, we may proceed 
in the following manner : — 

Suppose we require a triple-expansion marine engine to 
develop 850 horse power, with a piston speed of 450 ft. per 
minute, and 75 revolutions, the boiler pressure being 150 lb. 
This will give us a stroke of 3 ft., and the terminal pressure 
in the low-pressure cylinder should be about 10 lb. 

Bat it is clear that if the terminal pressure is p, and the 
cut-off pressure in the high-pressure cylinder is ^^i that 
the number of expansions is 

r = ?^ X AB 
= ?k X -89 X -77 = ^^ X -683. 
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Taking a mean value of drop — 

Pi = 165 - 28 = 137 lb. 

.-. r = 137 X -686 = 9 3 lb. 

We mnBt now assume an average diagram factor k. Then, 
if pe be the mean effective pressure referred to the low- 
pressure piston — 



H.P. = 



Pel a n 



and p,-;[:{pl_±i??Z-3} 

where P is the absolute pressure in the boiler, and 3 is sub- 
tracted for back pressure. A mean value of -n is '6, so that 
we find — 

2?6 = -6 X ) 165 X -348 - 3 } = 326. 

850 X 33000 io,rt 
3:^6 X 450 

This corresponds to a diameter of 49§in. We can, if we 
prefer it, find the volume swept out by the low-pressure 
piston per minute before fixing on the length of stroke and 
number of revolutions. The cut-off in &e high-pressure 
cylinder lies between 60 and 75 per cent of the stroke. 
Suppose'we assume a cut-off of 65 per cent, and a is the area 
of the high-pressure piston. 

•65 ai =— .-. fl^= - }^^^^^ .^ = 316 square inches, 
^ r '65 X 9 3 • 

so that the diameter of piston will be 20 in. The diameters 
of the three pistons are in geometrical progression, and the 
same applies to the four piston diameters of a Quadruple- 
expansion engine, so that if (^2 is the diameter of the 
intermediate piston, 

c?2 = V 20 X 49g = 31-4 in. 

The points of cut-off in the intermediate and low pressure 
cylinders may then be assumed at about 60 per cent of the 
stroke, and the probable diagrams can now be drawn. In 
triple-expansion marine engines with three cranks the first 
receiver is from two or three times the volume of the high- 
pressure cylinder, and the second is from *9 to 1^ times the 
volume of the intermediate cylinder in the examples we 
have calculated. It is generally a very tedious process 
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calculating these volames, and it ia rarely done, which is 
our only apology for not giving fuller information on this 
point. 

In order to show the accuracy of this method of setting 
out diagrams, it would be necessary to give a very large 
number of examples of comparison of actual with theoretical 
diagrams. This would take up too much space ; we have 
therefore selected the diagrams of a triple-expansion marine 
engine given by Mr. J. P. Hall in his paper, "Compound 
versus Triple-expansion Enffines," read before the North- 
East Coast Institution of Engineers and Shipbuilders, in 
1887. 

The low-pressure crank leads, the cylinders are 21 in., 
34 in., 57 in. in diameter, with 39 in. stroke ; the boiler 
pressure is 165 lb. absolute ; the points of cut-off in the 
three cylinders are at '62, '654, and '595 of the strokes. 

I = 2-62 H ; H = '382 I ; 

L =» 2-81 1 ; I = -356 L ; 

ch = 12 H ; a = '066 I = '173 H ; 

ci = '064 L = 18 I. 

The three last are taken from the combined diagram given 
by Mr. Hall, which we have not reproduced here, as there 
is no necessity to do so. The volumes of the two receivers 
R and Ri are not given in the paper, but Mr. Hall gives 
them as — 

E » 35154 cubic inches » 2 605 H » '994 I. 

Ri = 39100 cubic inches = 1105 I = '394 L. 

In fig. 5 the high-pressure and intermediate-pressure 
diagrams only are given. In the following calculations we 
shall refer to ^13, the pressure at one-quarter stroke during 
the exhaust from the intermediate-pressure cylinder just 
before admission takes place to the low-pressure cylinder ; 
Pi 41 P'l^i ^^6 pressures just after the admission, the former 
at one-quarter stroke of the intermediate-pressure piston, 
the latter at the commencement of the low-pressure stroke ; 
Pie^P^ie are the pressures in intermediate-pressure and low- 
pressure cylinders when compression commences in the 
former ; pn is the pressure at cut-off in the low-pressure 
cylinder. The calculations are as follow : — 

ps ('654 I + -066 I) - pio X :066 I. . 
- Pi ( 02 + 12) R - p7 X 12 H. 
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Assuming p^, p?, ^lo as 1421b., 1031b., and 431b., their 
actual yalnes, we obtain 

P8 = 63L 

Its actual value at cut-off in the intermediate-pressure 
cylinder is 46*6, which will be obtained if we put 

A - -866. 

We assume that the pressure in the receiver is 

Ps = 531 lb., 
whence 

7?3 (H + ch + R) = Pi (-62 H + ca) + Ps . R. 

142 X 74 + 531 X 2 605. ^-.^ 
^' = 3725^ ^^*- 

Actual pressure — 63'2 ; difference = 2 2. 
P4 (-75 H -H a + R) = P3 (H -I- CA + R) 

P4 = 70. 
Actual pressure = 69 lb. ; difference = 1. 
2)o (75 H 4- CA + R + ci ) = P4 (75 H + ca -H R) + p^o a 

Ps = 68 6. 
Actual pressure = 69 ; difference = - '4 lb. 
Actual p^5 = 65 ; difference = 3*6 lb. 

Compression commences at *90 of the H.P. exhaust stroke 
when the LP. piston has made '441 of its stroke. 

.-. po (-1 H + CA + R 4- ci + -441 1) 

= ps (75 H -f- CA + R 4- c» ) 

pe = 6025. 

Actual value 64*5 ; difference = - 4*25. 

In the I.P. cylinder 

p^o = 54-5; difference 625 lb. 

J)7 Ch = P6 (*1 H + Ca) 

pj = no 

Actual pressure = 103 ; difference 7 lb. 
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This shows very close agreement between theory and 
practice, if we allow a drop of 51b. between the two 
cylinders. 

At cnt-off in the low-pressure cylinder 

Pn ("595 L + ci) - p^o ci 

= jt?8 X '721 - pio Ci. 
P2 is 7*8 lb., whence 
jt?i7 - 17'5. 
Actual valae 131 ; difference 4*4. 

We assume, then, that 17*5 is the pressure in the second 
receiver, and is represented by Pi 7. 

We can obtain the actual value of p-n by making B equal 
to' '75, very nearly. 

Ps (-654 I + Ci ) + Ki Pit « /?ii (I + Ci + Ri) 

46-6 X -72 + 1105 X 17-5 = pn x 2171 

??ii = 24-3. 

Actual pressure = 23'75 ; difference = *55. 

_ Pi2 (I + Ci + RQ ^ 52-85 
^^^ fl + ci + Ri .1921. 

= 27-5. 

Actual pressure => 25*7 ; difference = 1*8. 

P\4, {ci + '75 I + Ci + Rj) = Pis ('75 I + Ci + Ri) + p^o ci 

P14, ^ 25-85. 

Actual pressure « 25*7 ; difference *l5. 

Actual jt)^ 14 = 20*7; difference = 515. 

Compression in the intermediate-pressure cylinder takes 
place at nine-tenths of the exhaust stroke when the low- 
pressure piston has made '44 of its forward stroke. 

pi 6 (II -I- c, + Ri -I- cf + -44 L) 

= joi4 (a + -75 1 > ci + Ri) 

Pj6 = 202. 
17m 
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Actual pressure ~ 20*5 ; difference » - 3. 
Actual p^ 1 6 "■ 14*2 ; difference » 6. 

Pio Ci = JOio (II + «). 

20-2 X 166 
^'^ W6~ 

» 509 lb. 

Pio is assumed as 431b. ; difference « 7*8. 

The agreement is, therefore, very close on the whole, except 
for p7 Andpi 0) and in drawing the diagrams a mean can here 
be taken between the assumed and calculated values — ^that is, 
if we assume these values first, and also assume the points 
of compression. We have already shown that the point of 
compression may be found by construction ; but this is 
more tedious than the above method of calculation. 
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